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We show that, for horoconvex domains in the hyperbolic space, the product of their fundamental gap with the square
of their diameter has no positive lower bound. The result follows from the study of the fundamental gap of geodesic
balls as the radius goes to infinity. In the process, we improve the lower bound for the first eigenvalue of balls in

hyperbolic space.

1 Introduction

In this article, the fundamental gap of a domain is the difference between the first two eigenvalues of the
Laplacian with zero Dirichlet boundary conditions. For convex domains in R™ or S™, n > 2, it is known from
[1, 7,9, 13] that Ay — A\; > 372/D?, where D is the diameter of the domain.

In hyperbolic space, this quantity behaves very differently from the Euclidean and spherical cases. Recently,
the authors showed [5] that for any fixed D > 0, there are convex domains with diameter D in H", n > 2,
such that D?(\y — A1) is arbitrarily small. Since convexity does not provide a lower bound, one naturally asks
if imposing a stronger notion of convexity, such as horoconvexity, would imply an estimate for D?(\y — ;)
from below. Recall that for a domain with smooth boundary, convexity corresponds to nonnegative principal
curvatures of the boundary, while horoconvexity corresponds to principal curvatures greater or equal to 1. We
show that the quantity D?(A\y — A1) still tends to zero for all horoconvex domains in hyperbolic space when the

diameter tends to infinity.
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Theorem 1.1. For every n > 2, there exists a constant C'(n) such that the Dirichlet fundamental gap of every

horoconvex domain 2 with diameter D > 41n 2 satisfies

C(n)

Xa() — M(9) £ 2.

In particular, as D — oo, the quantity (A2 — A1)D? tends to 0. O

We prove this by first obtaining the following estimate for the fundamental gap for special horoconvex

domains, the geodesic balls in hyperbolic space.

Theorem 1.2. Let B be the geodesic ball of radius R in H" and A;(Bgr) be the i-th eigenvalue of the Laplace
operator —A in Bg with Dirichlet boundary conditions. Then, there is a constant C(n) so that

C(n)

Xo(Br) = M (Br) < —- (1)

In particular, as R — oo, the quantity (A2 — A1) R? tends to 0. O

In the authors’ earlier work [5], it was shown that, for any fixed D > 0, one can find a domain 2 for
which (A2(Q) — A1(Q))D? can be made arbitrarily small. The domains Q C H" in [5] are convex, but not
horoconvex. Their first eigenfunction is not log-concave either. In contrast, note that the first eigenfunction
of Bp is log-concave (see [10, Corollary 1.1] and Lemma 5.2). On the one hand, while the log-concavity of
the first eigenfunction plays a very important role in estimating the fundamental gap of convex domains in the
Euclidean space and sphere, Theorem 1.2 shows that the log-concavity of the first eigenfunction in the hyperbolic
case does not imply a lower bound estimate for (Ao — )\1)D2. On the other hand, we believe that D? is not the
appropriate factor for domains in the hyperbolic space and we conjecture that, for all horoconvex convex domains
Q) C H™, we have A\3(Q2) — A1(R2) > ¢(n, D) for some function ¢(n, D) depending on the dimension and diameter,
that can lead to a lower bound on the fundamental gap appropriately compared with the diameter. This is true

for balls in H™, see (10).

Theorem 1.2 is proved by transforming the eigenvalue equation of balls to the eigenvalue equation of a
Schrédinger operator. As a result, we obtain some immediate upper and lower bound estimates on the first two
eigenvalues of balls, which improve and simplify earlier estimates on the first eigenvalues of balls. See Sections

2, 3.

To prove Theorem 1.1, we exploit the fact that all big horoconvex domains contain a large ball [4], see
Theorem 4.2. We then combine Theorem 1.2 with Benguria and Linde’s [3] comparison result for the fundamental

gap to conclude the proof, see Section 4.
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2 Basic Facts on Eigenvalues of Balls in H"

Here, we review some basic facts about first two Dirichlet eigenvalues of balls in the hyperbolic space. By
transforming the eigenvalue equation of balls to its Schrédinger form, we obtain some immediate upper and

lower bound estimates on the first two eigenvalues which improve and simplify earlier estimates.

2.1 The First Eigenvalue

In this section, let A; be the i-th eigenvalue of the Laplacian, with Dirichlet boundary conditions, of geodesic
balls with radius r in H"™.
By [3, 6], the first eigenvalue A; is the first eigenvalue of the 1-dimensional problem on [0, r]

-1
u’ + tnanhtu, + =0, u(r)=0, «'(0)=0. (2)

With the change of variable u(t) = (sinh t)l_Tnﬂ(t), we have the associated Schrodinger equation

d? n—1 n—3
Iy} - —1 U= \U 3
dt2u+ 4 <n + sinh2t> B B ®)

with Dirichlet boundary conditions at 0 and r, and \; is the first eigenvalue of (3). Note that the nonconstant
potential term changes sign at n = 3. We immediately notice that, when n =3, Ay =1+ ’;—2

Recall that for any Schrodinger operator —A + V| by the min-max principle, the first Dirichlet eigenvalue
is

Vil? + Vi?

A = inf JIvap + v ‘_+ , (4)

0£u€H1 Ju?

where the infimum is among all non-identically zero functions w satisfying the Dirichlet boundary conditions.
Hence if V> W, then )\Y > )\‘1"/.

Since sinh ™2 ¢ > sinh ™2 7 on (0, r], we have:

Lemma 2.1. For n > 3,
n-1)% w2 (n—1)(n-23)
4 r2 4sinh?*r

For n =2,
s 1

1
4 2 4sinh?r’

O

The lower bound is sharper than the one of [2, (1.7)], which followed the earlier estimate of McKean [11].
It is also an improvement over [12, Theorem 5.6] and an earlier estimate in [8, Theorem 5.2] when r is large and

n > 3. The upper bound in the case n = 2 is that found by Gage [8, Theorem 5.2].
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The bounds in the other direction do not follow directly from the Schrédinger equation (3). In [12, Theorem
5.6] the following uniform upper and lower bounds for the first eigenvalue A\ are obtained for all n > 2:
(n—1)2 x2 472 (n—1)2 x2

= o< ,
4 r2  (n—1)r3 — b= 4 r2 3

. _ w3(n?-1) poo 2 _ wt(n*-1)
with € = ==t oo gy = 7o),

sinh2 ¢

We will use this lower bound and improve the upper bound in Section 3.

2.2 The Second Eigenvalue

The second eigenvalue Aq is studied in [3, Lemma 3.1], where it is shown that it is the first eigenvalue of the

following equation (see also (17) with &k =1,1=1):

sy n—1, n-1

- Au =0 =0, u(t) ~tast—0. 7
wanh gzt T = 0wl =0, ulf) ~tas @

Again with the change of variable u(t) = (sinh t)%ﬁ(t), we have the associated Schrodinger equation

d? n—1 n+1
——1U _— —_ 1 _— U = >\_

T <" T o’ t) e ®
with Dirichlet boundary conditions at 0 and 7, where the second eigenvalue Ay is the first eigenvalue of (8).

Once more we use that sinh™2¢ > sinh~2r, on (0, r], to obtain

(n—1)2 =2 n?—1
Ag 2> — =+ . 9
? 4 2 4sinh®r ©)
To find an upper bound estimate for Ao, we will seek in the next section an upper bound for the first eigenvalue
of a more general Schrodinger equation and, as such, we will simultaneously obtain an upper bound for Aq,
slightly improving the one in (6).

Let @ be a normalized first eigenfunction of (8) with [, @* = 1, then

" -1 1
/ [wﬂ(n_lﬂt) Q]dt
0 4 sinh“ ¢

T _ 1 _ I _ 1
/ [|Vﬂ|2+n<n—1+7 23)112]dt+/ Lt
0 4 sinh” ¢ o sinh”t

n—1

A2

N

v

A1+

sinh? 7’
where, in the last inequality, we have used (4) and (3). Therefore, we have the following lower bound on the

fundamental gap of the ball B C H", for all n > 2,

n—1

Ao — A > ————.
2 1_sinhZR
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3 First Eigenvalue Upper Bound for Schrodinger Equation

Let A{ be the first eigenvalue of the following equation

d? n—1 a
—ﬁu—k 7 n—14+ — U= A\u

with Dirichlet boundary conditions at 0 and r.

Proposition 3.1. For o > 0, we have

o  (n—1
o2 T
r

In particular, the first two eigenvalues of the geodesic ball of radius r in H"™ satisfy

(nf 1)2 7(2 (TL* 1)(7173) 4
>~ 7 J— P >
)\1 < + 7"2 + 127‘3 ™, for n 3,
(n— 1)2 7(2 (n— 1)(n+ ].) 4
~ N r > 2.
)\2 < + 7"2 12’/"3 5 for n 2

The upper bound (13) improves the upper bound in [12, Theorem 5.6], see (6).

(11)

Proof. Recall that the first Dirichlet eigenvalue of a Schrodinger operator —u” 4+ Vu is a minimizer of the

Rayleigh quotient
B [/ ? + Vu?

Juro

R[u]

among all non-constant u with ©(0) = u(r) = 0.

The equation (11) with a = 0 has its first eigenfunction equal to v = \/g sin(rt/r). It is normalized so that

for v2dt = 1. Therefore, by inserting v into the Rayleigh quotient associated to (11), we find

0 (n—1)2 T dv\? "(n—1a 4
A< +/0 (dt> dt+/0 e
n—-12 w2 (n-1Da [7 02
I

=1 et

Using sin |z| < |z|, we have

r . 2 r 2 0o 2 4
7"2/ LH.(M/T) dt < 7r2/ - ! dt < 7T2/ - ! at="=.
0 sinh ¢ o \sinht 0 sinh ¢ 6

This gives f07 (wf%)z dt < %, hence (12).

Combining the lower bound in (6) with (14) gives the estimate (1) in Theorem 1.2.
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4 Horoconvex Domains in H"

A stronger definition of convexity in the hyperbolic space considers horospheres as natural analogues of Euclidean

hyperplanes supporting a convex domain:

Definition 4.1. A set Q C H" is called horoconvex if, for every point p € 912, there exists a horosphere H
through p such that € lies in the horoball bounded by H. O

Recall that a horosphere is a sphere with center on the ideal boundary of H"™ and that a horoball is a domain
whose boundary is a horosphere.

When €2 is a compact domain with smooth boundary in the hyperbolic space of constant negative curvature
—1, the domain {2 is horoconvex if and only if all principal curvatures of the boundary hypersurface are greater
or equal to one. As a special case, Bg, the geodesic sphere of radius R, is horoconvex as each of the principal
curvatures of its boundary is equal to coth R, and coth R > 1 for all R > 0.

Finally, for any compact domain, recall that its inradius is the radius of the largest ball contained in the
domain, and that its circumradius is the radius of the smallest ball containing the domain. Part of a result of

Borisenko-Miquel [4, Theorem 1] states the following:

Theorem 4.2. [4] Let Q2 be a compact horoconvex domain in H" with inradius r and circumradius R. Denoting

7 = tanh 5, then

1 2
R—rghaM <2, (15)
147

and this bound is sharp. O

An immediate consequence of (15) is that the diameter of the domain satisfies D < 2R < 2r + 21n2. We

are now ready to prove Theorem 1.1.

Proof. Let Q2 C H® be a horoconvex domain of diameter D. Choose Rg such that the ball of radius Rg
satisfies A1 (Bp,,) = A1(Q). Theorem 4.2 implies that Q contains a ball of radius r with r > £ — In2. By domain

monotonicity of the first eigenvalue, Rq > g — In 2, hence

D
4 )

Rq > (16)

when D > 41In2.

Using [3], Benguria-Linde’s upper bound on the second eigenvalue, we have that
A2(€) = M) < A2(Brg) — A1(Bry,)-

Applying the estimates (1) and (16) concludes the proof of Theorem 1.1. u
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5 APPENDIX: Small Balls and Log-concavity of Eigenfunctions of Geodesics Balls in
M

To round up the discussion on the fundamental gap of balls in the hyperbolic space, we thought to include
here an observation on the fundamental gap of balls of small radii, as well as a simple argument proving the
log-concavity of the first eigenfunction of geodesic balls in simply connected Riemannian manifolds with constant

negative sectional curvature.

5.1 The Gap of Small Balls in Negatively Curved Manifolds

Let M}% be the simply connected Riemannian manifold with constant sectional curvature K. Here, we assume
that K is negative and write K = —k?2, (k > 0). Denote by \;(n, k,) the eigenvalues of the Laplacian for geodesic
balls with radius r in M’ with Dirichlet boundary condition.
By separation of variables, see [3, 6], the eigenvalues \;(n, k,r) are eigenvalues of
, =Dk , 1(l+n—2)k?

_ _ 1
R D R (a7)

where | = 0,1,2,---, with boundary condition «/(0) = 0 for [ = 0, u(t) ~ ' as t — 0 for [ > 0, and u(r) = 0.

By scaling, this immediately gives [3, Lemma 4.1], for ¢ > 0,
1 -2
Ai(n, =k, cr) =c “Ni(n, k,r). (18)
c
Hence
Ni(n, 1,7) = 772N (n, 7, 1). (19)

Therefore, for small balls in H", the value r2);(n, 1,7) is close to the corresponding one in the Euclidean space,

as one would expect. Namely,

Lemma 5.1.

lim 72)\;(n, 1,7) = \i(n,0,1) = r2X;(n, 0, 7),

r—0
and
lirr(l)r2 (A2(n,1,7) = A2(n, 1,7)) = r2(A2(n,0,7) — Ay (n,0,7)) = jzg_l - jzg_l 1 (20)
T ’ ’
where j, 1, is the k-th positive zero of the Bessel function Jp(z). O

5.2 The First Eigenfunction for Balls

The first eigenfunction of balls is purely radial, so it is not difficult to show that it is log-concave, as in the

Euclidean and spherical case.
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Lemma 5.2. The first eigenfunction u; of (2) is strictly log-concave. O

This is in [10, Corollary 1.1], where more general elliptic equations with power are considered. For

convenience, we give a simple and direct proof here.

Proof. First we show u; is strictly decreasing. Multiplying both sides of (2) by sinh™ !¢, we have
(u) sinh™ ™) = —Aquy sinh" ¢ < 0.

Since v} (0) = 0, we have u/(t) < 0 for ¢ € (0,r).

Let ¢ = (loguy)’. Then ¢(0) =0, ¢ <0 on (0,7), and

" 7\ 2
p_ U Uy n—1 2
=——|—=)] =———0 =X — ¢~
¢ Uy <u1) tanht@ 1-®

Taking the limit as ¢ — 0 gives ¢'(0) = —A1 — (n — 1) lim;0 757 = —A1 — (2 — 1)¢’(0). Hence, ¢’(0) <O0.
Now, we claim that ¢'(t) < 0 on [0,r). Otherwise, there exists ¢; € (0,7) such that ¢’ < 0 on [0,%1), ¢'(t1) =0

and ¢ (t1) > 0. Note that ¢" satisfies

= S?:n;l;ltso - ':;I:hlt ¥ = 200"
Evaluating the two sides of the equation at ¢; gives
0<¢(h) = 2 () < 0
sinh” ¢;
This is a contradiction. u
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