THE PROLATE SPHEROIDAL PHENOMENON AND BISPECTRAL ALGEBRAS OF ORDINARY DIFFERENTIAL OPERATORS

F. ALBERTO GRÜNBAUM AND MILEN YAKIMOV

Abstract. Landau, Pollak, Slepian, and Tracy, Widom discovered that certain integral operators with so called Bessel and Airy kernels possess commuting differential operators and found important applications of this phenomenon in time-band limiting and random matrix theory. In this paper we announce that very large classes of integral operators derived from bispectral algebras of rank 1 and 2 (parametrized by lagrangian grassmannians of infinitely large size) have this property. The above examples come from special points in these grassmannians.

1. Introduction

It was discovered by Landau, Pollak, Slepian [23, 18, 19, 22] and Tracy, Widom [25, 26] that certain integral operators associated to the Airy and Bessel special functions posses commuting differential operators. They found important applications of this to time-band limiting, and to the study of asymptotics of Fredholm determinants, relevant to scaling limits of random matrix models. We call this phenomenon the prolate spheroidal phenomenon.

On the other hand, the problem of bispectrality was posed [8] about 20 years ago by one of us (A. G.) and J. J. Duistermaat as a tool to understand this prolate spheroidal property of integral operators. The aim was to extend it to larger classes and search for possible applications. Despite the dramatic recent developments in the areas of random matrices and bispectrality the two problems remained isolated except for several common examples, see [10, 11]. In addition only few integral operators possessing the prolate spheroidal phenomenon were found.

Here we prove that any selfadjoint bispectral algebra of ordinary differential operators (see Definition 3.3 and Definition 4.4 and Section 2 for general definitions) of rank 1 and 2 induces an integral operator possessing the prolate spheroidal property. The kernel of such an operator is of the form

K(x, z) = � Γ_2

Ψ(x, z)Ψ(y, z)dz

where Ψ(x, z) is the corresponding bispectral (eigen)function and Γ_2 is a contour in the complex plane with 1 or 2 end points. It acts on the space L^2(Γ_1) again for a contour with the same property. The main results are stated in Theorem 3.10 and Theorem 4.11.

The integral operators of Landau, Pollak, Slepian, and Tracy, Widom correspond to the cases Ψ(x, z) = √ xzJ_{ν+1/2}(ixz) and Ψ(x, z) = A(x + z) which are known to be “basic” bispectral functions, in the sense that the other rank 1 and 2 bispectral functions are obtained from them by certain type of Darboux transformations, see 1

[8, 29, 4, 3, 17]. (Here J_ν (.) denote the Bessel functions of first kind and A(.) denotes the Airy function.) Although in these cases [23, 18, 19, 22, 25, 26] the commuting differential operator is of order 2, in general it is of arbitrarily large order.

In the rest of the introduction we describe our strategy for proving Theorem 3.10 and Theorem 4.11 which relies on a very interesting property of the “size” of bispectral algebras of rank 1 and 2.

Consider, more generally, a holomorphic function Ψ(x, z) in some domain of C × C which is not an eigenfunction of any differential operator in x or z. Denote by B_Ψ the algebra of differential operators R(x, ∂_x) with rational coefficients for which there exists an operator S(z, ∂_z) with rational coefficients such that

(1.1) R(x, ∂_x)Ψ(x, z) = S(z, ∂_z)Ψ(x, z).

The algebra of all differential operators S(z, ∂_z) obtained in this way will be denoted by C_Ψ. The equality b_Ψ(R(x, ∂_x)) := S(z, ∂_z) correctly defines an antiisomorphism from B_Ψ to C_Ψ. Recall that such a function Ψ(x, z) is called bispectral if both algebras B_Ψ and C_Ψ contain rational functions. The subalgebra of B_Ψ and C_Ψ, consisting of differential operators in x and z for which Ψ(x, z) is an eigenfunction, are commutative. Algebras obtained in this way are called bispectral algebras. Their rank (which is equal and is also called rank of the bispectral function Ψ(x, z)) is the greatest common divisor of the orders of the operators of these algebras.

We derive our main result from the following remarkable property: Consider the Z_+ × Z_+ filtration of the algebra B_Ψ given by

B^{l1,l2}_Ψ = {R(x, ∂_x) ∈ B_Ψ | ord R(x, ∂_x) ≤ 2l_1, ord(b_ΨR)(x, ∂_x) ≤ 2l_2}.

If Ψ(x, z) is a bispectral function of rank r = 1 or 2 then the the size of the spaces B^{l1,l2}_Ψ in this filtration is large in the sense

dim B^{l1,l2}_Ψ ≥ 2 r (2l_1l_2 + l_1 + l_2) − const

where the constant is independent of l_1 and l_2.

For the basic bispectral functions e^{xz} of rank 1, and A(x + z), √ xzJ_{ν+1/2}(ixz), ν ∈ C\Z of rank 2, the dimension of these spaces is exactly equal to the right hand side with const = −1. This is remarkable since it shows that for all bispectral functions Ψ(x, z) of rank 1 and 2 the spaces of the above natural filtration of the algebra B_Ψ are approximately of the same dimension as the basic (Bessel and Airy) ones.

It is very interesting to understand the relation between our results and the approach of Adler, Shiota, and van Moerbeke [1, 2] to the Tracy–Widom system of differential equations via Virasoro constraints. One possible way would be to incorporate the representation theoretic meaning of the Bessel tau functions from [5] in terms of representations of the W_{1+∞} algebra, see [9].

Another important problem is to understand the relation of this work to the isomonodromic deformations approach to random matrices from the works of Palmer [21], Harnad–Tracy–Widom [14, 27], Its–Harnad [13], and Borodin–Deift [7].

Acknowledgments: The results of this paper were announced at the Workshop on Superintegrability, CRM, Montreal, September 16–21, 2002, see [12]. M. Y.

would like to thank John Harnad and Pavel Winternitz for the opportunity to participate at the conference and for their interest in this work. We are grateful to George Wilson whose comments and reference to [28] helped us improve a lot the exposition of the results in Section 5. This work has been completed while the second author was visiting the Erwin Schrödinger Institute for Mathematical Physics, Vienna, in August 2003. He would like to thank Anton Alekseev and Tudor Ratiu for the invitation to participate at the program on “Moment Maps and Poisson Geometry”.

2. Bispectrality and commutativity of Integral and Differential Operators

We will denote the algebra of differential operators in one variable with rational coefficients by W_{rat} and the Weyl algebra of differential operators in one variable with polynomial coefficients by W_{poly}.

The formal adjoint of an operator

(2.1) D(x, ∂_x) = n� k=0 b_k(x)∂^n_x ∈ W_{rat}

is given by

(2.2) aD(x, ∂_x) = n� k=0 (−∂_x)^nb_k(x).

To a differential operator D ∈ W_{rat} as in (2.1) we associate the bidifferential operator

(2.3) D → ϕ_x(D) = n� k=1 k−1� j=0 (−1)^j ∂^{k−i−1} x ⊗ ∂^i_xb_k(x)

acting on two functions f(x) and g(x) by

(2.4) ϕ_x(D) (f, g) = n� k=1 k−1� j=0 (−1)^j f^{(k−i−1)}(x)(b_k g)^{(i)}(x).

(We keep the complex variable x in the notation for ϕ(D) because later we will often need to evaluate ϕ(D).)

The right hand side of (2.4) is known as the bilinear concomitant associated to the operator D and is denoted by

(2.5) ⟨f, g⟩_D(x).

We refer the reader to [28, Section 3] for a comprehensive exposition of the properties of the bilinear concomitant and to the classical text [15, Chapter 5]. We will primarily need it in Section. The main property of (2.5) is

(2.6) (D(x, ∂_x)f(x))g(x) − f(x)(aD(x, ∂_x)g(x)) = ∂_x⟨f, g⟩_D .

Given an oriented contour Γ in C, denote its endpoints by e(Γ). For any ξ ∈ e(Γ) set π(ξ) = 1 or 0 depending on whether ξ is a left or right endpoint of Γ. Assume that the differential operator D(x, ∂_x), given by (2.1), is regular along Γ.

The standard integration by parts formula states that for any two functions f(x) and g(x) on Γ that are smooth and decrease rapidly when x → ∞ (i.e.

lim_{x→∞} p(x)f^{(k)}(x) = 0 for any polynomial p(x) and any integer k, similarly for g(x)) (2.7)� Γ (D(x, ∂_x)f(x)) g(x)dx = � Γ f(x) (aD(x, ∂_x)g(x)) dx + � ξ∈e(Γ)

(−1)^{π(ξ)}⟨f, g⟩_D(ξ)

Let us fix a holomorphic function Ψ(x, z) on some domain in C × C which is not an eigenfunction of a differential operator in x or z. In the introduction we defined two algebras of differential operators B_Ψ and C_Ψ, associated to such a function, see (1.1). Let ~B_Ψ and ~C_Ψ be two subalgebras of B_Ψ and C_Ψ, respectively, which are stable under the formal adjoint map (2.2) and such that b_Ψ( ~B_Ψ) = ~C_Ψ.

Fix a second function Φ(x, z) which is holomorphic on a possibly another domain but satisfies P (x, ∂_x)Φ(x, z) = (b_ΨP )(z, ∂_z)Φ(x, z), ∀P (x, ∂_x) ∈ B_Ψ as Ψ(x, z), i.e ~B_Ψ ⊂ B_Φ and b_Ψ|_{eBΨ} = b_Φ|_{eBΨ} .

Proposition 2.1. Assume that Γ_1 and Γ_2 are two contours in C such that Γ_1 × Γ_2 is in the domain of Ψ(x, z) and Φ(x, z). Assume also that both Ψ(x, z) and Φ(x, z) decrease rapidly when x or z go to ∞ along Γ_1 and Γ_2 (if these contours extend to infinity).

If D(x, ∂_x) ∈ ~B_Ψ is such that (2.8) ab_Ψ(D(x, ∂_x)) = b_Ψa(D(x, ∂_x)) and (2.9) ϕ_ξ (D(x, ∂_x)) = 0, ∀ξ ∈ e(Γ_1); ϕ_ξ ((bD)(z, ∂_z)) = 0, ∀ξ ∈ e(Γ_2) then the integral operator with kernel (2.10) K(x, y) = � Γ_2

Ψ(x, z)Φ(y, z)dz

on L^2(Γ_1) commutes with the differential operator D(x, ∂_x) with domain all smooth functions on Γ_1 that decrease rapidly as x → ∞.

Proof. The integral operator with kernel (2.10) will be also denoted by K. We need to show that KD(f) = DK(f) for any smooth rapidly decreasing function f on Γ_1. Compute (DKf)(x) = � Γ_1 � Γ_2

(D(x, ∂_x)Ψ(x, z))Φ(y, z)dzf(y)dy = � Γ_1 � Γ_2

((bD)(z, ∂_z )Ψ(x, z))Φ(y, z)dzf(y)dy = � Γ_1 � Γ_2

Ψ(x, z)(abD)(z, ∂_z)Φ(y, z)dzf(y)dy.

The third equality follows from the second assumption in (2.9) and (2.7). Similarly (KDf)(x) = � Γ_1 � Γ_2

Ψ(x, z)Φ(y, z)dzD(y, ∂_y)f(y)dy = � Γ_1 � Γ_2

Ψ(x, z)(aD)(y, ∂_y)Φ(y, z)dzf(y)dy = � Γ_1 � Γ_2

(D(x, ∂_x)Ψ(x, z))(baD)(z, ∂_z )Φ(y, z)dzf(y)dy

and in deducing the second equality we used the first assumption in (2.9) and (2.7). The Proposition now follows from these two sequences of equalities. □ Definition 2.2. We will call a differential operator D(x, ∂_x) ∈ W_{rat} formally symmetric if (aD)(x, ∂_x) = D(x, ∂_x) and formally skewsymmetric if (aD)(x, ∂_x) = −D(x, ∂_x).

Lemma 2.3. A differential operator D(x, ∂_x) ∈ W_{rat} is formally symmetric if and only if it has the form

(2.11) D(x, ∂_x) = n� i=0 ∂^n_x c_i(x)∂^n_x

for some integer n and some rational functions c_i(x).

Proof. Obviously the operator in the RHS of (2.11) is formally symmetric. In the other direction if D(x, ∂_x) ∈ W_{rat} is formally symmetric then it is of even order, say 2n. If its leading coefficient is c_n(x) then D(x, ∂_x) − ∂^n_x c_n(x)∂^n_x is a formally symmetric operator of order at most 2n − 2 and one can continue by induction. □ The following Lemma is straightforward.

Lemma 2.4. Fix ξ ∈ C. The operator D(x, ∂_x) given by (2.11) satisfies ϕ_ξ (D(x, ∂_x)) = 0, i.e ⟨f, g⟩_D(ξ) = 0 for all smooth functions in a neighborhood of ξ if and only if (∂^i_xc_k)(ξ) = 0, for k = 1, . . . , n, i = 0, . . . , k − 1.

For a given function Ψ(x, z) as above denote by B_{Ψ,sym} the subalgebra of B_Ψ that consists of differential operators R(x, ∂_x) for which both R(x, ∂_x) and (bR)(z, ∂_z) are formally symmetric. Set also C_{Ψ,sym} := bB_{Ψ,sym}. Consider the linear spaces

B^{l1,l2}_{Ψ,sym} = {R(x, ∂_x) ∈ B_{Ψ,sym} | ord R(x, ∂_x) ≤ 2l_1 and ord(bR)(z, ∂_z) ≤ 2l_2},

(2.12)

C^{l1,l2}_{Ψ,sym} = {S(z, ∂_z) ∈ C_{Ψ,sym} | ord(b^{−1}S)(x, ∂_x) ≤ 2l_1 and ord S(z, ∂_z) ≤ 2l_2}.

(2.13)

Clearly C^{l1,l2}_{Ψ,sym} = b(B^{l1,l2}_{Ψ,sym}).

From Proposition 2.1, Lemma 2.3, and Lemma 2.4 we obtain:

Theorem 2.5. Assume the conditions from Proposition 2.1 for the functions Ψ(x, z), Φ(x, z) and the contours Γ_1, Γ_2. If either of the following two conditions is satisfied then the integral operator with kernel (2.10) possesses a formally commuting symmetric differential operator of order less than or equal to 2l_1 and domain – the space of rapidly decreasing smooth functions on Γ_1.

Condition (i):

B^{l1,l2}_{Ψ,sym} > l_1(l_1 + 1)e(Γ_1)/2 + l_2(l_2 + 1)e(Γ_2)/2,

Condition (ii): −e(Γ_1) = e(Γ_1), −e(Γ_2) = e(Γ_2), all operators in B_{Ψ,sym} are invariant under the transformation x → −x, and

B^{l1,l2}_{Ψ,sym} > l_1(l_1 + 1)e(Γ_1)/4 + l_2(l_2 + 1)e(Γ_2)/4

3. Integral operators associated to selfadjoint Darboux transformations of Airy functions

3.1. The Airy bispectral function. Denote by A(x) the classical Airy function, see ??. Recall that it decreases rapidly when x → ∞ in the sector −π/3 < arg x < π/3. By abuse of notation the function

(3.1) Ψ_A(x, z) = A(x + z)

will be also called Airy function.

If L_A(x, ∂_x) denotes the Airy differential operator

L_A(x, ∂_x) = ∂^2_x − x

then Ψ_A(x, z) satisfies

L_A(x, ∂_x)Ψ_A(x, z) = zΨ_A(x, z),

(3.2) ∂_xΨ_A(x, z) = ∂_z Ψ_A(x, z),

(3.3) xΨ_A(x, z) = L_A(z, ∂_z)Ψ_A(x, z).

(3.4)

The space of holomorphic functions Ψ(x, z) in x and z that satisfy (3.2)–(3.4) is two dimensional. They are obtained from functions f(x) in the kernel of L_A(x, ∂_x) by putting Ψ(x, z) = f(x + z).

For shortness we will denote the algebras B_{ΨA} and C_{ΨA} of differential operators with rational coefficients associated to the Airy function Ψ_A(x, z), see (1.1), by B_A and C_A. It is easy to describe explicitly the algebras B_A and C_A.

Proposition 3.1. The algebras B_A and C_A coincide with the Weyl algebra W_{poly} of differential operators in one variable with polynomial coefficients. Moreover the antiisomorphism b_A : B_A → C_A associated to the Airy function Ψ_A(x, z), recall (3.1), is uniquely defined by the relations

(3.5) b_A(x) = (L_A(z, ∂_z)), b_A(∂_x) = ∂_z , b_A(L_A(x, ∂_x)) = z.

Proof. The relations (3.2)–(3.3) imply that B_A and C_A contain W_{poly} and the validity of (3.5).

Fix D(x, ∂_x) ∈ B_A and assume that the leading term of D(x, ∂_x) is p(x)∂^n_x for some rational function p(x). We need to show that D(x, ∂_x) ∈ W_{poly}. Since b_A : B_AC_A is an antiisomorphism

(3.6) ad^k_{LA(x,∂x)} (D(x, ∂_x)) = 0 for some sufficiently large k. We will more generally show that the algebra of differential operators D(x, ∂_x) with the property (3.6) coincides with W_{poly} .

The leading term of the lhs of (3.6) is 2^kp^{(k)}(x)∂^{n+k}_x .

Because it vanishes p^{(k)}(x) = 0 and thus p(x) is a polynomial. Then p(x)∂^n_x ∈ W_{poly}, D(x, ∂_x) − p(x)∂^n_x ∈ B_A, and ord (D(x, ∂_x) − p(x)∂^n_x ) < n.

The proof is now easily completed by induction on the order of D(x, ∂_x). □

3.2. Selfadjoint Darboux transformations from the Airy function. Proposition 3.1 implies B_A ∩ C(x) = C[x] and b^{−1}_A (C_A ∩ C(z)) = C[L_A(x, ∂_x)].

The paper [4] defines a set D_A of rational Darboux transformations from the Airy function Ψ_A(x, z). It consists of all functions Ψ(x, z) for which there exist differential operators (3.7) P (x, ∂_x), Q(x, ∂_x) ∈ (B_A)_{(C[x]\0)} = W_{rat} such that f(L_A(x, ∂_x)) = Q(x, ∂_x)P (x, ∂_x),

(3.8)

Ψ(x, z) = 1 p(z)

P (x, ∂_x)Ψ_A(x, z),

(3.9)

for some monic polynomials f(t) and p(z). After an appropriate division of Ψ(x, z) by a polynomial in x, the differential operators P (x, ∂_x) and Q(x, ∂_x) can be normalized to have leading coefficient 1. (The polynomial p(z) appears only for normalization purposes. The reader can consult Section 5 for details.) The quotient ring of B_A by C[x]\{0} in (3.7) is well defined since the subset C[x]\{0} of B_A = W_{poly} satisfies the Ore condition, see [20].

The main property of the rational Darboux transformations from the Airy function is that they are bispectral functions. This was shown in in [4, 17] and more conceptually proved in [3].

Theorem 3.2. All rational Darboux transformations from the Airy function Ψ(x, z) are bispectral functions of rank 2.

Definition 3.3. Define the set SD_A of selfadjoint Darboux transformations from the Airy function Ψ(x, z) to consist of those functions Ψ(x, z) for which there exists a differential operator P (x, ∂_x) ∈ W_{rat} with leading coefficient 1 such that g(L_A(x, ∂_x))^2 = (aP )(x, ∂_x)P (x, ∂_x),

(3.10)

Ψ(x, z) = 1 g(z)

P (x, ∂_x)Ψ_A(x, z),

(3.11)

for some monic polynomial g(t).

In Section 5 we will provide an explicit classification of all selfadjoint Darboux transformations from the Airy function. We will further show SD_A that consists exactly of those Ψ(x, z) ∈ D_A for which Q(x, ∂_x) = (aP )(x, ∂_x) in (3.8)–(3.9) with an appropriate normalization of the polynomial p(z). (As a consequence of this it is obtained that f(t) is the square of some polynomial g(t), compare to (3.10)–(3.11).) 3.3. Size of the algebra B_A relative to the antiisomorphism b_A. As in (2.12) the algebra B_A(= W_{poly} ) has a natural Z_+ ×Z_+ filtration induced by the antiisomorphism b_A : B_A → C_A and the natural filtration on W_{poly} by the order of differential operators:

(3.12) B^{l1,l2}_A = {R(x, ∂_x) ∈ B_A | ord R(x, ∂_x) ≤ 2l_1, ord(b_AR)(z, ∂_z) ≤ 2l_2}.

The following Lemma describes B^{l1,l2}_A explicitly.

Lemma 3.4. The vector space B^{l1,l2}_A has a basis that consists of the differential operators

{x^m(L_A(x, ∂_x))^n | n ≤ l_1, m ≤ l_2} ∪ {x^m∂_x(L_A(x, ∂_x))^n | n < l_1, m < l_2}. Lemma 3.4 easily follows from the facts that the set of operators {x^m(L_A(x, ∂_x))^n, x^m∂_x(L_A(x, ∂_x))^n}^∞_{n,m=0} is a basis for B_A = W_{poly} and the antiisomorphism b_A : B_A → C_A is given by b_A(x^m(L_A(x, ∂_x))^n) =z^n(L_A(x, ∂_x))^m, b_A(x^m∂_x(L_A(x, ∂_x))^n) =z^n∂_z (L_A(x, ∂_x))^m.

Note that the formal adjoint antiinvolution a of W_{rat} preserves the spaces B^{l1,l2}_A . Because a^2 = id the space B^{l1,l2}_A is the direct sum of the eigenspaces of a with eigenvalues ±1. Let us denote the eigenvalue 1 subspace of B^{l1,l2}_A by B^{l1,l2}_{A,sym}. In addition we have ab_A = b_Aa which is easily checked on the generators x and ∂_x of W_{poly}. Therefore

B^{l1,l2}_{A,sym} = {R(x, ∂_x) ∈ B_A | ord R(x, ∂_x) ≤ 2l_1, ord(b_AR)(z, ∂_z) ≤ 2l_2, aR(x, ∂_x) = R(x, ∂_x), a(b_AR(z, ∂_z)) = b_AR(z, ∂_z)}.

The following Lemma contains the main result of this subsection. Lemma 3.5. The set of operators (3.13) {x^m(L_A(x, ∂_x))^n + (L_A(x, ∂_x))^nx^m | n ≤ l_1, m ≤ l_2} is a basis for the space B^{l1,l2}_{A,sym}. In particular dim B^{l1,l2}_{A,sym} = (l_1 + 1)(l_2 + 1).

Proof. Because a(L_A(x, ∂_x)) = L_A(x, ∂_x), a(∂_x) = −∂_x the operators in (3.13) and (3.14) {x^m∂_x(L_A(x, ∂_x))^n + (L_A(x, ∂_x))^n∂_xx^m | n < l_1, m < l_2} are eigenvectors of a with eigenvalues 1 and −1, respectively. Obviously (3.13) and (3.14) are subsets of B^{l1,l2}_A .

Using the commutation relations (3.15) [L_A(x, ∂_x), x] = 2∂_x, [∂_x, L_A(x, ∂_x)] = −1, [∂_x, x] = 1 one deduces that L_A(x, ∂_x)^nx^m = x^mL_A(x, ∂_x)^n + � 0≤i<m 0≤j<n

c_{i,j} x^iL_A(x, ∂_x)^j

(3.16)

+ � 0≤i<m 0≤j<n

d_{i,j} x^i∂_xL_A(x, ∂_x)^j

and L_A(x, ∂_x)^n∂_xx^m = x^m∂_xL_A(x, ∂_x) + � 0≤i≤m 0≤j≤n i+j≤m+n−1

c^′_{i,j} x^iL_A(x, ∂_x)^j

(3.17)

+ � 0≤i<m 0≤j<n

d^′_{i,j} x^i∂_xL_A(x, ∂_x)^j

for some integers c_{i,j} , d_{i,j} , c^′_{i,j} , d^′_{i,j} . Now (3.16) and (3.17) imply that the operators in (3.13) and (3.14) are linearly independent elements of B^{l1,l2}_{A,sym} and B^{l1,l2}_{A,−} , respectively. Thus the dimension of the direct sum of the spaces spanned by the operators in (3.13) and (3.14) is (l_1 + 1)(l_2 + 1) + l_1l_2 which is exactly the dimension of B^{l1,l2}_A = B^{l1,l2}_{A,sym} ⊕ B^{l1,l2}_{A,−} .

This completes the proof of the Lemma. □ Example 3.6. Consider the integral operator with kernel (3.18) K_A(x, y) =

�_∞ s Ψ_A(x, z)Ψ_A(y, z)dz =

�_∞ s A(x + z)A(y + z)dz

acting on L^2([t, ∞)), s, t ∈ R.

Theorem 2.5 and Lemma 3.4 imply that there exists a second order differential operator which commutes with K_A. Here we construct such a differential operator by a straightforward application of Proposition 2.1 and Lemma 3.4.

According to Lemma 3.4 (3.19) B^{1,1}_{A,sym} = Span{1, x, L_A(x, ∂_x), (xL_A(x, ∂_x)+L_A(x, ∂_x)x)/2 = ∂_xx∂_x −x^2}. Proposition 2.1 implies that the operator

D(x, ∂_x) = ux + vL_A(x, ∂_x) + w (xL_A(x, ∂_x) + L_A(x, ∂_x)x) /2 commutes with K_A if (3.20) ϕ_t(D(x, ∂_x)) = 0 and ϕ_s((b_AD)(z, ∂_z)) = 0. (The constant 1 in (3.19) is disregarded in the construction of D(x, ∂_x) since it commutes with K_A.) But D(x, ∂_x) = ∂_x(wx + v)∂_x − (wx^2 + (v − u)x) and D(x, ∂_x) = uL_A(z, ∂_z) + vz + w(zL_A(z, ∂_z) + L_A(z, ∂_z)z)/2 = ∂_z(wz + u)∂_z − (wz^2 + (u − v)z).

Finally because of Lemma 2.4, (3.20) is equivalent to wt + v = 0, ws + u = 0 and we can choose w = 1, v = −t, u = −s.

The differential operator which commutes with K_A, obtained in this way, is D(x, ∂_x) = −sx − tL_A(x, ∂_x) + (xL_A(x, ∂_x) + L_A(x, ∂_x)x) /2

(3.21) = ∂_x(x − t)∂_x − (x^2 + (s − t)x).

(3.22) This is the operator found by Tracy and Widom in [26]. Note that although (3.22) is simpler than (3.21), it is (3.21) that reveals the natural symmetry between s and t, recall (3.5).

Let us also note that K_A is an integrable integral operator in the sense of Its– Izergin–Korepin–Slavnov [16]. The kernel (3.18) is also given by the formula

(3.23) K_A(x, y) =

A(x)A^′(y + s) − A(y)A^′(x + s) x − y which can be seen from

(x − y)K_A(x, y) = �_∞ s (L_A(z, ∂_z)Ψ_A(x, z)) Ψ_A(y, z)dz −

�_∞ s Ψ_A(x, z) (L_A(z, ∂_z)Ψ_A(y, z)) dz = A(x)A^′(y + s) − A(y)A^′(x + s).

All integral operators, considered subsequently, will be integrable integral but will be much more complicated than (3.23). □ 3.4. Size of the algebra B_{Ψ,sym} for selfadjoint Darboux transformations from the Airy function, relative to the involution b_Ψ. Let us fix an arbitrary selfadjoint Darboux transformation Ψ(x, z) ∈ SD_A from the Airy function given by (3.10)–(3.11) for some P (x, ∂_x) ∈ W_{rat} and g(t) ∈ C[t]. The goal of this subsection is to show that the spaces B^{l1,l2}_Ψ are sufficiently large, more precisely that dim B^{l1,l2}_A − dim B^{l1,l2}_Ψ is bounded from below as a function of l_1 and l_2 ∈ Z_{≥0}. Let (3.24) P (x, ∂_x) = 1 v(x)

R(x, ∂_x)

for some R(x, ∂_x) ∈ B_A(= W_{poly}) and v(x) ∈ C[x]. Set (3.25) ord R(x, ∂_x) = ρ_1 and ord(b_AR)(x, ∂_x) = ρ_2. Define

S_{Ψ,1} = Span{ 1 v(x)

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) 1 v(x)

| M(x, ∂_x) ∈ B^{l1−ρ1,l2}_{A,sym} },

(3.26)

S_{Ψ,2} = Span{v(x)M(x, ∂_x)v(x) | M(x, ∂_x) ∈ B^{l1,l2 −ρ2}_{A,sym} }.

(3.27)

Proposition 3.7. The spaces of differential operators S_{Ψ,1} and S_{Ψ,2} are subspaces of B^{l1,l2}_{Ψ,sym} and

b_Ψ � 1 v(x)

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) 1 v(x) � = g(z)(b_AM)(z, ∂_z)g(z),

(3.28)

b_Ψ (v(x)M(x, ∂_x)v(x)) = 1 g(z)

(b_AR)(z, ∂_z)(b_AM)(z, ∂_z)(ab_AR)(z, ∂_z) 1 g(z)

(3.29)

for the operators in S_{Ψ,1} and S_{Ψ,2}

Proof. Let M(x, ∂_x) ∈ B^{l1−ρ1,l2}

A,sym .

Start with the equality

M(x, ∂_x)g(L_A(x, ∂_x))^2Ψ_A(x, z) = g(z)^2(b_AM)(z, ∂_z)Ψ_A(x, z). Using the definition (3.10)–(3.11) of Ψ(x, z) one gets

M(x, ∂_x)(aR)(x, ∂_x) 1 v(x) g(z)Ψ(x, z) = g^2(z)(b_AM)(z, ∂_z)Ψ_A(x, z).

Acting on both sides by^1_{v(x)g(z)} R(x, ∂_x) and taking into account (3.11) gives 1 v(x)

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) 1 v(x)

Ψ(x, z) = g(z)(b_AM)(z, ∂_z)g(z)Ψ(x, z).

Note that (a − id) � 1 v(x)

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) 1 v(x) � = 0 since (aM)(x, ∂_x) = M(x, ∂_x). Analogously (a − id) (g(z)(b_AM)(z, ∂_z)g(z)) = 0 because of (ab_AM)(z, ∂_z) = (b_AaM)(z, ∂_z) = (b_AM)(z, ∂_z). This finally implies

(3.30) 1 v(x)

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) 1 v(x)

∈ B^{l1,l2}_{Ψ,sym}

(that is S_{Ψ,1} ⊂ B^{l1,l2}_{Ψ,sym}) and the validity of (3.28).

For the second part we will need Theorem 4.2 of [3]. In our setting it states that (3.10)–(3.11) are equivalent to

v(L_A(z, ∂_z))^2 = (ab_AR)(z, ∂_z) 1 g(z)^2

(b_AR)(z, ∂_z),

(3.31)

Ψ(x, z) = 1 v(x)g(z)

(b_AR)(z, ∂_z)Ψ_A(x, z).

(3.32)

(The hard step is to show the first equality.) Now the fact that S_{Ψ,2} is a subspace of B^{l1,l2}_{Ψ,sym} and (3.29) follow from the above relations and (3.30), (3.28) by exchanging the roles of x and z. □

Proposition 3.8. The dimension of the intersection S_{Ψ,1} ∩ S_{Ψ,2} is less than or equal to (3.33) (l_1 − ρ_1 + 1)(l_2 − ρ_2 + 1).

Proof. Comparing the orders of the operators in (3.10) and using (3.24) gives (3.34) ρ_1(= ord R) = 2 deg g. In particular ρ_1 is even. Similarly from (3.31) we deduce (3.35) ρ_2(= ord b_AR) = 2 deg v.

Comparing the leading terms in (3.10) (and again using (3.24)) we get that the leading term of R(x, ∂_x) is v(x)∂^{ρ1}_x . Combining the above facts implies that

(3.36) R(x, ∂_x) = v(x)L_A(x, ∂_x)^r + r−1� j=0 (h_j (x) + g_j (x)∂_x)L_A(x, ∂_x)^j

for some polynomials h_j (x), g_j (x).

We need to show that the dimension of the space of differential operators M(x, ∂_x) ∈ B^{l1−ρ1 ,l2}

A,sym and N(x, ∂x) ∈ B l_1,l_2−ρ_2 A,sym

such that (3.37) R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) = v(x)^2N(x, ∂_x)v(x)^2 is less than or equal to (l_1 − ρ_1 + 1)(l_2 − ρ_2 + 1). Write two such operators M(x, ∂_x) and N(x, ∂_x) in the form

M(x, ∂_x) =

l_1 −ρ_1�

j=0 � b_j (x)L_A(x, ∂_x)^j + L_A(x, ∂_x)^j b_j (x) � , (3.38)

N(x, ∂_x) =

l_1�

j=0 � c_j (x)L_A(x, ∂_x)^j + L_A(x, ∂_x)^j c_j (x) � (3.39)

where b_j (x) and c_j (x) are polynomials and (3.40) deg b_j ≤ l_2, deg c_j ≤ l_2 − ρ_2.

In terms of the those we need to show that the dimension of the space of of polynomials {b_j (x)}^{l1 −ρ1}_{j=0} and {c_j (x)}^{l2}_{j=0}, satisfying (3.37), is less than or equal to (l_1 −ρ_1 +1)(l_2 −ρ_2 +1). (The polynomials v(x), h_j (x), and g_j (x) are fixed. They determine the function Ψ(x, z).)

Using the commutation relations (3.15) we get

M(x, ∂_x) = 2

l_1−ρ_1�

j=0 b_j (x)L_A(x, ∂_x)^j +

l_1−ρ_1 −1 � i=0 (η_i(x) + θ_i(x)∂_x) L_A(x, ∂_x)^i

where η_i(x) and θ_i(x) are polynomials determined from b_k(x) for k ∈ [i + 1, l_1 − ρ_1].

Again applying the commutation relations (3.15) we obtain

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) =

l_1−ρ_1�

j=0 2v(x)^2b_j (x)L_A(x, ∂_x)^{j+ρ1}

(3.41)

+ l_1−1�

i=0 (α_i(x) + β_i(x)∂_x) L_A(x, ∂_x)^i

for some polynomials α_i(x) and β_i(x) depending only on the polynomials b_k(x) for k ∈ [i − ρ_1 + 1, l_1 − ρ_1].

Analogously

v(x)^2N(x, ∂_x)v(x)^2 = 2v(x)^4

l_1�

i=0 c_i(x)L_A(x, ∂_x)^i

(3.42)

+ v(x)^2

l_1−1�

i=0 (γ_i(x) + δ_i(x)∂_x)) L_A(x, ∂_x)^i

for some polynomials γ_i(x) and δ_i(x) depending only on the polynomials c_k(x) for k ∈ [i + 1, l_1].

Now we substitute (3.41) and (3.42) in (3.37) and use the fact that

{x^mL_A(x, ∂_x)^n, x^m∂_xL_A(x, ∂_x)^n}^∞_{n,m=0}

are linearly independent:

1. From the coefficient of L_A(x, ∂_x)^{l1} we obtain

b_{l1−ρ1} (x) = v(x)^2c_{l1} (x).

Since deg b_{l1−ρ1} (x) ≤ l_2 and 2 deg v(x) = ρ_2, see (3.35) the polynomial b_{l1−ρ1} (x) depends (linearly) on at most l_2 − ρ_2 + 1 parameters. Fixing these parameters determines c_{l1} (x) completely.

2. Arguing by induction, assume that b_j (x), . . . , b_{l1−ρ1} (x) and c_{j+l1} (x), . . . , c_{l1} (x) and are fixed for j running from l_1 − ρ_1 down to 1. From the coefficient of L_A(x, ∂_x)^{j−1} we obtain

b_{j−1}(x) = v(x)^2c_{j+ρ1 −1}(x) + (α_{j+ρ1 −1}(x) − η_{j+ρ1 −1}(x)) /2v(x)^2.

Thus the reminder of b_{j−1}(x) modulo v(x)^2 is fixed. Since deg b_{j−1}(x) ≤ l_2 and deg v(x)^2 = ρ_2 the choice of b_{j−1}(x) depends (linearly) on at most l_2 − ρ_2 + 1 parameters. Fixing b_{j−1}(x) completely determines c_{j+l1 −1}(x).

Adding up these “maximal degrees of freedom” for the polynomials b_0(x), . . . , b_{l1−ρ1} (x) completes the proof. □

Because of Lemma 3.5

dim S_{Ψ,1} = (l_1 − ρ_1 + 1)(l_2 + 1) and dim S_{Ψ,2} = (l_1 + 1)(l_2 − ρ_2 + 1).

Taking into account Proposition 3.8 we obtain the following Theorem.

Theorem 3.9. For any selfadjoint Darboux transformation from the Airy function Ψ(x, z) ∈ SD_A the dimension of the space of differential operators S_{Ψ,1} + S_{Ψ,2} is greater than or equal to (l_1 + 1)(l_2 + 1) − ρ_1ρ_2. In particular

(3.43) dim B^{l1,l2}_{Ψ,sym} ≥ (l_1 + 1)(l_2 + 1) − ρ_1ρ_2.

Theorem 3.9 and Theorem 2.5 imply our final result for integral operators derived from Darboux transformations from the Airy function.

Theorem 3.10. Let Ψ(x, z) ∈ SD_A be a selfadjoint Darboux transformation from the Airy function, given by (3.10), (3.11), (3.24). Let Γ_1, Γ_2 be two connected contours in C that do not contain the roots of the polynomials v(t) and g(t) respectively and that begin at some finite points and go to infinity in the sector −π/3 < arg x < π/3. Then the integral operator

K(x, y) = � Γ_2

Ψ(x, z)Ψ(y, z)dz on L^2(Γ_1) commutes with a formally symmetric differential operator with rational coefficients of order less than or equal to 2ρ_1ρ_2 and domain all smooth functions on Γ_1 that decrease rapidly as x → ∞.

Proposition 3.11. Let Γ_1 and Γ_2 be two contours as in Theorem 3.10 with end points t and s, respectively. For any selfadjoint Darboux transformation Ψ(x, z) ∈ SD_A from the Airy function, given by (3.10), (3.11), (3.24) the integral operator with kernel K_Ψ(x, y) = � Γ_2

Ψ(x, z)Ψ(y, z)dz

acting on L^2(Γ_1) is integrable in the sense of Its–Izergin–Korepin–Slavnov [16]. Moreover there exist functions a_i(x), b_i(y), c_i(x), and d_i(y) that are smooth on Γ_1 such that

K(x, y) = v(x) v(y)

K_A(x, y) + N� i a_i(x)b_i(y)

(3.44)

= v(y) v(x)

K_A(x, y) + N� i c_i(x)d_i(y)

(3.45)

where K_A(x, y) is the Airy kernel given by (3.23)

K_A(x, y) = � Γ_2

Ψ_A(x, z)Ψ_A(y, z)dz =

A(x)A^′(y + s) − A(y)A^′(x + s) x − y . Proof. According to (3.32) (3.46)

K_Ψ(x, y) = 1 v(x)v(y) � Γ_2 1 g(z)

(b_AR(z, ∂_z)Ψ_A(x, z)) 1 g(z)

(b_AR(z, ∂_z)Ψ_A(y, z))dz.

Integrating by parts (2.7) the second operator (1/g(z))b_AR(z, ∂_z) we get

K_Ψ(x, y) = 1 v(x)v(y) � Γ_2 � ab_AR(z, ∂_z) 1 g(z)^2 b_AR(z, ∂_z)Ψ_A(x, z) � Ψ_A(y, z)dz − � 1 g(z)

(b_AR(z, ∂_z)Ψ_A(x, z)), Ψ_A(x, z) � (1/g(z))b_A R(z,∂_z )

(s).

The second term above gives rise to the second term in (3.44). Eq. (3.45) is proved by intergrating out the second operator (1/g(z))b_AR(z, ∂_z) in (3.46). □

4. Integral operators associated to selfadjoint Darboux transformations of Bessel functions 4.1. The Bessel bispectral function. Recall that the Bessel functions of third kind are given by

(4.1) I_ν (t) = (t/2)^ν ∞� m=0 (t/2)^{2m} m!Γ(m + μ + 1)

, t ∈ C\{0}

for ν ∈ C\Z, see e.g. [6, Chapter 7.2.2]. For those values of ν one defines the functions

(4.2) K_ν (t) =

I_{−ν} (t) − I_ν (t) 2π sin(νπ) which are called modified Bessel functions of third kind. Both I_ν (t) and K_ν (t) are multiple valued holomorphic functions of t ∈ C{0}. By continuity one defines I_ν (t) and K_ν (t) for ν ∈ Z, see [6, Sections 7.2.4-7.2.5] for details.

By abuse of notation the functions (4.3) Ψ_ν (x, z) = (xz)^{1/2}K_{ν+1/2}(xz) will be also called Bessel functions. Consider the Euler operator D_x = x∂_x and the operators

(4.4) L_ν (x, ∂_x) = ∂^2_x − ν(ν + 1)

x^2 = 1 x^2

(D_x + ν)(D_x − ν − 1) to be called Bessel operators. The Bessel functions satisfy the equations L_ν (x, ∂_x)Ψ_ν (x, z) = z^2Ψ_ν (x, z),

(4.5) D_xΨ_ν (x, z) = D_zΨ_ν (x, z),

(4.6) x^2Ψ_ν (x, z) = L_ν (z, ∂_z)Ψ_ν (x, z).

(4.7) For shortness the algebras B_{Ψν} and C_{Ψν} associated to the Bessel function Ψ_ν (x, z), recall (1.1), will be denoted by B_ν and C_ν .

Because of (4.5)–(4.7) the algebras of differential operators B_ν and C_ν contain the operators L_ν (x, ∂_x), D_x, and x^2. We will denote their subalgebras generated by those operators by ~B_ν and ~C_ν , respectively. Clearly (4.5)–(4.7) imply b_ν ( ~B_ν ) = ~C_ν .

The algebras B_ν and C_ν are described in the following Proposition. Proposition 4.1. (i) For ν ∈ C\Z the algebras B_ν and C_ν are generated by the operators L_ν (x, ∂_x), D_x, and x^2, i.e. B_ν = ~B_ν , C_ν = ~C_ν .

(ii) If ν ∈ Z the algebras B_ν and C_ν are larger than ~B_ν and ~C_ν , e.g. B_0 = C_0 = W_{poly}.

For those values of ν the subalgebras ~B_ν and ~C_ν of B_ν and C_ν consist of exactly those differential operators in B_ν and C_ν that are invariant under the transformation x → −x.

Remark 4.2. In the definition of Ψ_ν (x, z) instead of K_ν (·) we could use the Bessel functions of first kind J_ν (i·) or the modified Bessel functions of first kind I_ν (·). In that case the corresponding algebras B_ν and C_ν would be smaller, in fact equal to ~B_ν and ~C_ν above. This will not reflect the fact that the operators L_ν (x, ∂_x) generate rank 1 maximal bispectral algebras for ν ∈ Z, see [4, 8].

Proof of Proposition 4.1. Part(i): We will need Proposition 2.4 from [4] which states that C[L_ν (x, ∂_x)] is a maximal bispectral algebra of rank 2 for ν ∈ C\Z. In particular this means that (4.8) [L_ν (x, ∂_x), C(x, d_x)] = 0 implies C(x, ∂_x) ∈ C[L_ν (x, d_x)].

Since b_ν : B_ν → C_ν is an antiisomorphism, as in Proposition 3.1, we have that for any D(x, ∂_x) ∈ B_ν there exists an integer k such that (4.9) ad^k_{Lν (x,∂x)}(D(x, ∂_x)) = 0.

The minimal such k for a given D(x, ∂_x) will be denoted by k(D).

First we will prove by induction on k(D) that D(x, ∂_x) ∈ B_ν implies that D(x, ∂_x) is invariant under the transformation x → −x. (In the case k(D) = 1 this follows from (4.8).)

Note that D(−x, −∂_x) ∈ B_ν and

b_ν (D(−x, −∂_x)) = (b_ν D)(−z, −∂_z)

because Ψ_ν (x, z) depends only on xz. Now (4.9) implies that

ad^{k(D)−1}

L_ν (x,∂_x)(D(x, ∂x)) = q(Lν (x, ∂x))

for some polynomial q(t). Since L_ν (x, ∂_x) is invariant under the transformation x → −x we get

ad^{k(D)−1}

L_ν (x,∂_x)(D(x, ∂x)) = ad k(D)−1 L_ν (x,∂_x)(D(−x, −∂x)).

That is k(D(x, ∂_x) − D(−x, −∂_x)) ≤ k(D) − 1,

and due to the inductive assumption the operator

(4.10) D(x, ∂_x) − D(−x, −∂_x)

is invariant under the transformation x → −x. At the same time the operator (4.10) is clearly skewinvariant under x → −x. This can only happen if D(x, ∂_x) is by itself invariant under x → −x.

Now fix D(x, ∂_x) ∈ B_ν . We will show that D(x, ∂_x) ∈ ~B_ν . If the leading term of D(x, ∂_x) is p(x)∂^n_x , we have p(x) = p(−x) because D(x, ∂_x) is invariant under x → −x.

Analogously to Proposition 3.1, using (4.9) one shows that p(x) is a polynomial. If n is even then p(x) = h(x^2) for some polynomial h(t) and

D(x, ∂_x) − h(x^2)L^{n/2}_ν (x, ∂_x) ∈ B_ν

and has order less than ord D.

If n is odd then p(x) = xh(x^2) for some polynomial h(t) and

D(x, ∂_x) − h(x^2)D_xL^{n/2}_ν (x, ∂_x) ∈ B_ν

and has order less than ord D.

In either cases the proof of part (i) is completed by induction on ord D. Part (ii): Recall that K_{1/2}(t) = (π/2t)^{1/2}e^{−t}

and thus Ψ_0(x, z) = (π/2)^{1/2}e^{−xz}.

Analogously to Proposition 3.1 one proves that B_0 = C_0 = W_{poly}.

For ν ∈ Z the algebras b^{−1}_ν (C_ν ∩ C[z]) are maximal bispectral algebras of rank 1, [4, 8, 29]. This means that that they contain differential operators of odd order with leading coefficient 1, and hence they contain differential operators that are not invariant under x → −x. That is for ν ∈ Z the algebras B_ν and C_ν are larger than ~B_ν and ~C_ν .

The last statement in part (ii) is proved analogously to part (i). □

The Bessel functions corresponding to ν_1, ν_2 ∈ C that differ by an integer can be obtained by a Darboux transformation from each other:

Ψ_{ν+1}(x, z) = 1 xz (D_x − ν − 1)Ψ_ν (x, z),

(4.11)

Ψ_ν (x, z) = 1 xz (D_x + ν + 1)Ψ_{ν+1}(x, z),

(4.12)

which corresponds to the factorizations L_ν = x^{−1}(D_x + ν + 1)x^{−1}(D_x − ν − 1), L_{ν+1} = x(D_x − ν − 1)x^{−1}(D_x + ν + 1). The above Darboux transformations are the reason for the fact that for ν ∈ Z the Bessel operators L_ν (x, ∂_x) belong to maximal bispectral algebras of rank 2.

4.2. Selfadjoint Darboux transformations from the Bessel functions. The set of rational Darboux transformations D_ν from the Bessel function Ψ_ν (x, z), defined in [4], consists of those functions Ψ(x, z) for which there exist differential operators (4.13) P (x, ∂_x), Q(x, ∂_x) ∈ (B_ν )_{(Bν ∩C(x)\{0})} such that f(L_ν (x, ∂_x)) = Q(x, ∂_x)P (x, ∂_x),

(4.14)

Ψ(x, z) = 1 p(z)

P (x, ∂_x)Ψ_ν (x, z),

(4.15)

for some polynomials f(t) and p(z). It is not hard to show that the subset B_ν ∩ C(x)\{0} of B_ν satisfies the Ore condition and the quotient ring in (4.13) makes sense. The function Ψ(x, z) is further normalized by dividing it by the leading coefficient of P (x, ∂_x), see [4].

Let us note that for ν ∈ Z the intersection B_ν ∩ C(x) is larger than C[x^2]. For the present paper we will need the smaller algebra ~B_ν ∩ C(x), for which part (ii) of Proposition 4.1 implies

C[x^2] = ~B_ν ∩ C(x), C[L_ν (x, ∂_x)] = b^{−1}_ν ( ~C_ν ∩ C(z)).

(Note that for ν ∈ Z the intersection B_ν ∩ C(x) is larger than C[x^2], see part (ii) of Proposition 4.1.)

The following theorem was proved in [29] for ν = 1 and in [4, 3] in the general case.

Theorem 4.3. All rational Darboux transformations from the Bessel functions are bispectral of rank 2 if ν ∈ C\Z and of rank 1 if ν ∈ Z.

Definition 4.4. Define the set of selfadjoint (“even, selfadjoint” in the case ν ∈ Z) Darboux transformations SD_ν from the Bessel functions Ψ_ν (x, z) to consist of all functions Ψ(x, z) for which there exists a monic polynomial f(t) of the form (4.16) f(t) = t^mg(t)^2, m = 0 or 1 and a differential operator

P (x, ∂_x) ∈ ( ~B_ν )(C[x^2]\{0})^{−1} with leading term x^m such that f(L_ν (x, ∂_x)) = (−1)^m(aP )(x, ∂_x)x^{−2m}P (x, ∂_x)

(4.17)

Ψ(x, z) = 1 z^mg(z^2)x^m

P (x, ∂_x)Ψ_ν (x, z).

(4.18)

In general the polynomial g(t) can vanish at 0.

Equations (4.11)–(4.12) show that Ψ_{ν+n}(x, z) are (even) selfadjoint Darboux transformations from Ψ_ν (x, z).

Below we explain the reason for the terminology even. In Section 5 we will show that the set SD_ν consists of those rational Darboux transformations Ψ(x, z) from the Bessel function Ψ_ν (x, z) for which in the notation (4.14)–(4.15)

(4.19) ~Q(x, ∂_x) = (−1)^{ord P} (a ~P )(x, ∂_x) with the additional property in the case ν ∈ Z (4.20) P (−x, −∂_x) = P (x, ∂_x).

In (4.19), ~Q(x, ∂_x) and ~P (x, ∂_x) denote the differenial operators obtained from Q(x, ∂_x) and P (x, ∂_x) by dividing them by their leading coefficients on the right and on the left, respectively. As a consequence it is obtained that the polynomial f(t) in (4.14) has the form (4.16). (An appropriate normalization of p(z) is made as well.)

According to part (i) of Proposition 4.1 in the rank 2 case ν ∈ C\Z the condition (4.20) is a consequence of (4.13) because in that case

B_ν = ~B_ν .

In the rank 1 case ν ∈ Z the term even reflects this extra condition, recall that due to part (ii) of Proposition 4.1 the algebra of operators in B_ν invariant under x → −x is exactly ~B_ν . The extra condition (4.20) is needed since in the case of Darboux transformations from the Bessel function the prolate spheroidal property will be deduced from the second condition in Theorem 2.5.

4.3. Size of the algebras ~B_ν relative to the antiisomorphisms b_ν . Similarly to (2.12) the algebra ~B_ν has a Z_+ × Z_+ filtration induced by the antiisomorphism b_ν : ~B_ν → ~C_ν and the standard Z_+ filtration on W_{rat} by the order of the operator:

(4.21) ~B^{l1,l2}_ν = {R(x, ∂_x) ∈ ~B_ν | ord R(x, ∂_x) ≤ 2l_1, ord(b_ν R)(z, ∂_z) ≤ 2l_2}

Lemma 4.5. The set of operators

{x^{2m}(L_ν (x, ∂_x))^n | n ≤ l_1, m ≤ l_2} ∪ {x^{2m}D_x(L_ν (x, ∂_x))^n | n < l_1, m < l_2}. is a basis of the space B^{l1,l2}_ν .

Proof. The operators 2L_ν (x, ∂_x), 2x^2, and −D_x − 1/2 satisfy the commutation relations for the Cartan generators of sl_2(C) : (4.22)

[D_x, L_ν (x, ∂_x)] = −2L_ν (x, ∂_x), [D_x, x^2] = −2x^2, [x^2, L_ν (x, ∂_x)] = −4D_x − 2.

Using in addition the fact the operators L_ν (x, ∂_x), D_x, and x^2 generate ~B_ν one easily obtains that the following set is a basis of ~B_ν {x^{2m} (L_ν (x, ∂_x))^n , x^{2m}D_x (L_ν (x, ∂_x))^n}^∞_{m,n=0}.

In terms of this basis the antiisomorphism b_ν : ~B_ν → ~C_ν is given by b_ν � x^{2m}(L_ν (x, ∂_x))^n � = (L_ν (z, ∂_z))^nz^{2m}, b_ν � x^{2m}D_x(L_ν (x, ∂_x))^n � = (L_ν (z, ∂_z))^nD_zz^{2m}.

Now the statement of the Lemma is obvious. □ Note that the formal adjoint involution a of W_{rat} preserves the spaces B^{l1,l2}_ν .

Since a^2 = id the space ~B^{l1,l2}_ν is the direct sum of the eigenspaces of a with eigenvalues ±1. The eigenvalue 1 subspace of ~B^{l1,l2}_ν will be denoted by ~B^{l1,l2}_{ν,sym}.

Let us also note that bispectral involution b_ν and the formal adjoint involution a commute on ~B_ν :

(4.23) ab_ν (P (x, ∂_x)) = b_ν a(P (x, ∂_x)), ∀P (x, ∂_x) ∈ ~B_ν . (This is proved by a direct check on the generators L_ν (x, ∂_x), D_x, and x^2 of ~B_ν .)

From the commutativity (4.23) we obtain ~B^l1^{,l}2_{ν,sym} = {R(x, ∂_x) ∈ ~B_ν | ord R(x, ∂_x) ≤ 2l_1, ord(b_ν R)(z, ∂_z) ≤ 2l_2, aR(x, ∂_x) = R(x, ∂_x), a(b_ν R(x, ∂_x)) = b_ν R(x, ∂_x)}.

Lemma 4.6. The set of operators (4.24) {x^{2m}(L_ν (x, ∂_x))^n + (L_ν (x, ∂_x))^nx^{2m} | n ≤ l_1, m ≤ l_2} is a basis for the space ~B^{l1,l2}_{ν,sym}. In particular dim ~B^{l1,l2}_{ν,sym} = (l_1 + 1)(l_2 + 1).

The Proof of Lemma 4.6 is similar to the one of Lemma 3.5. We start with a(L_ν (x, ∂_x)) = L_ν (x, ∂_x), a(D_x + 1/2) = −(D_x + 1/2).

Thus the operators in (4.24) and (4.25) {x^m∂_x(L_A(x, ∂_x))^n + (L_A(x, ∂_x))^n∂_xx^m | n < l_1, m < l_2} are eigenvectors of a with eigenvalues 1 and −1, respectively. Obviously these are subsets of B^{l1,l2}_A .

From the commutation relations (4.22) we get L_ν (x, ∂_x)^nx^{2m} = x^{2m}L_ν (x, ∂_x)^n � 0≤i<m 0≤j<n

c_{i,j} x^{2i}L_ν (x, ∂_x)^j

+ � 0≤i<m 0≤j<n

d_{i,j} x^i(D_x + 1/2)L_ν (x, ∂_x)^j

L_ν (x, ∂_x)^n(D_x + 1/2)x^m = x^m(D_x + 1/2)L_ν (x, ∂_x) + � 0≤i≤m 0≤j≤n i+j≤m+n−1

c^′_{i,j} x^iL_ν (x, ∂_x)^j

+ � 0≤i<m 0≤j<n

d^′_{i,j} x^i(D_x + 1/2)L_ν (x, ∂_x)^j for some integers c_{i,j} , d_{i,j} , c^′_{i,j} , d^′_{i,j} . Applying Lemma 4.5 we get that the operators in (4.24) and (4.25) are linearly independent elements of B^{l1,l2}_ν . Thus the dimension of the direct sum of the spaces spanned by (4.24) and (4.25) is (l_1 + 1)(l_2 + 1) + l_1l_2 which is exactly the dimension of B^{l1,l2}_ν . This is only possible if the set (4.24) is basis of B^{l1,l2}_{ν,sym}. □ Example 4.7. Consider the integral operator with kernel (4.26) K_{sin}(x, y) = sin s(x − y) (x − y) , acting on L^2[−t, t], s, t ∈ R. The fact that it commutes with the differential operator (4.27) D_0(x, ∂_x) = ∂_x(x^2 − t^2)∂_x + s^2x^2 is an essential property of (4.26), having important application to time and band limiting, and the bulk scaling limit of the gaussian unitary ensemble, as shown by Landau, Pollak, Slepian [23, 18] and Tracy, Widom [24]. (Typically one uses s = π and divides the above kernel K_{sin} by π. We introduce the extra parameter s since there is a natural duality between s and t to be described below.)

Here we show how D_0(x, ∂_x) is easily constructed from Theorem 2.5 and Lemma 4.5.

First of all observe that the sine kernel (4.26) is also given by

(4.28) K_{sin}(x, y) = e^{is(x−y)} − e^{−is(x−y)}

2i(x − y) = 1 2i �_{is} −is e^{xz}e^{−yz}dz

Note that e^{xz} and e^{−xz} span the space of functions satisfying (4.5)–(4.7) for ν = 0 and according to Lemma 4.5 (4.29) ~B^{1,1}_{0,sym} = Span{1, x^2, ∂^2_x, x^2∂^2_x + ∂^2_xx^2}.

Now Theorem 2.5 immediately implies that the sine kernel possesses a commuting second order differential operator but such is also easy to construct on the basis of Proposition 2.1 and Lemma 2.4 as follows. From Proposition 2.1 we get that D(x, ∂_x) = ux^2 + v∂^2_x + w(x^2∂^2_x + ∂^2_xx^2)/2 commutes with K_{sin} if (4.30) ϕ_t(D(x, ∂_x)) = 0 and ϕ_{is}((b_0D)(z, ∂_z)) = 0. But D(x, ∂_x) = ∂_x(wx^2 + v)∂_x + ux^2 + w and (b_0D)(z, ∂_z) = u∂^2_z + vz^2 + w(z^2∂^2_z + ∂^2_z z^2)/2 = ∂_z (wz^2 + u)∂_z + vz^2 + w Lemma 2.4 implies that (4.30) is equivalent to wt^2 + v = 0, −ws^2 + u = 0.

The triple w = 1, v = −t^2, u = s^2 is a solution of this system producing the commuting differential operator

D(x, ∂_x) = s^2x^2 − t^2∂^2_x + (x^2∂^2_x + ∂^2_xx^2)/2 = D_0(x, ∂_x) + 1/2, cf. (4.27). Again in the above form the duality between t and is is preserved while in (4.27) it is not transparent. □

Example 4.8. Bessel kernel. □

4.4. Size of the algebra B_{Ψ,sym} for an (even) selfadjoint Darboux transformation from a Bessel function. Fix an arbitrary selfadjoint (and in addition even in the rank 1 case ν ∈ Z) Darboux transformation from a Bessel function Ψ_ν (x, z), Ψ ∈ SD_ν given by (4.17)–(4.18) for some P (x, ∂_x) ∈ (C[x^2]\{0})^{−1} ~B_ν and f(t) = t^mg(t)^2, g(t) ∈ C[t]. Let

(4.31) P (x, ∂_x) = 1 v(x^2)

R(x, ∂_x)

for some R(x, ∂_x) ∈ ~B_ν and v(x) ∈ C[x]. Set

(4.32) ord R(x, ∂_x) = ρ_1 and ord(b_ν R)(x, ∂_x) = ρ_2.

Denote

S_{Ψ,1} = Span{ 1 x^mv(x^2)

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) 1 x^mv(x^2)

| M(x, ∂_x) ∈ ~B^{l1−ρ1 ,l2}_{ν,sym} },

S_{Ψ,2} = Span{x^mv(x^2)M(x, ∂_x)x^mv(x^2) | M(x, ∂_x) ∈ ~B^{l1,l2−ρ2}_{ν,sym} }.

Proposition 4.9. (i) The spaces of differential operators S_{Ψ,1} and S_{Ψ,2} are subspaces of B^{l1,l2}_{Ψ,sym} and are invariant under the transformation x → −x. The bispectral antiinvolution b_Ψ associated to the function Ψ(x, z) acts on these spaces by

b_Ψ � 1 x^mv(x^2)

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) 1 x^mv(x^2) � = z^mg(z^2)(b_ν M)(z, ∂_z)z^mg(z^2),

(4.33)

b_Ψ � x^mv(x^2)M(x, ∂_x)x^mv(x^2) � = 1 z^mg(z^2)

(b_ν R)(z, ∂_z)(b_ν M)(z, ∂_z)(ab_ν R)(z, ∂_z) 1 z^mg(z^2) . (4.34)

(ii) The dimension of the intersection S_{Ψ,1} ∩ S_{Ψ,2} is less than or equal to

(l_1 − ρ_1 + 1)(l_2 − ρ_2 + 1).

Proof. Applying Theorem 4.2 from [3] we obtain that (4.17)–(4.18), (4.31) are equivalent to

L_ν (z, ∂_z)^mv(L_ν (z, ∂_z))^2 = (ab_ν R)(z, ∂_z) 1 z^{2m}g(z^2)^2

(b_ν R)(z, ∂_z)

(4.35)

Ψ(x, z) = 1 (xz)^mv(x^2)g(z^2)

(b_ν R)(z, ∂_z)Ψ_ν (x, z),

(4.36)

cf. the dual expressions for Darboux transformations in the Airy case (3.31)–(3.32).

Part (i) is proved analogously to Proposition 3.7 using (4.35)–(4.36). Part (ii) is similar to Proposition 3.8 but there are several differences: The orders ρ_1 and ρ_2 of the operator R(x, ∂_x) and (b_ν R)(z, ∂_z) are not necessarily even. First

(4.37) ρ_1(= ord R) = m + 2 deg g, that is ρ_1 ≡ m( mod 2).

This is obtained by comparison of the orders of the operators in (4.17), using (4.16) and (4.31). Second from (4.35) one gets

(4.38) ρ_2(= ord b_ν R) = m + 2 deg v, i.e. ρ_1 ≡ m( mod 2).

Since P (x, ∂_x) =^1_{v(x2)} R(x, ∂_x) has leading coefficient x^m the differential operator R(x, ∂_x) must have leading coefficient x^mv(x^2).

Thus if m is even R(x, ∂_x) has the form

(4.39) R(x, ∂_x) = v(x^2)L_ν (x, ∂_x)^{deg g} +

deg g−1 � j=0 (q_j (x^2) + r_j (x^2)D_x)L_ν (x, ∂_x)^j

and if m is odd R(x, ∂_x) has the form (4.40)

R(x, ∂_x) = (v(x^2)D_x+q_{deg g} (x^2))L_ν (x, ∂_x)^{deg g}+

deg g−1 � j=0 (q_j (x^2)+r_j (x^2)D_x)L_ν (x, ∂_x)^j

for some polynomials q_j (t), r_j (t).

Similarly to the Airy case we need to show that the dimension of the space of differential operators

M(x, ∂_x) ∈ ~B^{l1−ρ1 ,l2}

ν,sym and N(x, ∂x) ∈ ~B l_1,l_2−ρ_2 ν,sym

such that

(4.41) R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) = x^{2m}v(x^2)^2N(x, ∂_x)x^{2m}v(x^2)^2

is less than or equal to (l_1 − ρ_1 + 1)(l_2 − ρ_2 + 1). Write two such operators M(x, ∂_x) and N(x, ∂_x) in the form

M(x, ∂_x) =

l_1−ρ_1�

j=0 � b_j (x^2)L_ν (x, ∂_x)^j + L_ν (x, ∂_x)^j b_j (x^2) � , (4.42)

N(x, ∂_x) =

l_1�

j=0 � c_j (x^2)L_ν (x, ∂_x)^j + L_ν (x, ∂_x)^j c_j (x^2) � (4.43)

where b_j (t) and c_j (t) are polynomials and

(4.44) deg b_j ≤ l_2, deg c_j ≤ l_2 − ρ_2,

recall Lemma 4.5. As in the Airy case in terms of those we need to show that the dimension of the space of of polynomials {b_j (t)}^{l1−ρ1}_{j=0} and {c_j (t)}^{l2}_{j=0}, satisfying (4.41), is less than or equal to (l_1 − ρ_1 + 1)(l_2 − ρ_2 + 1). (The polynomials v(t), q_j (t), and r_j (t) are fixed. They determine the function Ψ(x, z).)

Using the commutation relations (4.22) from (4.39)-(4.40) and (4.42) we deduce

R(x, ∂_x)M(x, ∂_x)(aR)(x, ∂_x) =

l_1 −ρ_1�

j=0 2x^{2m}v(x^2)^2b_j (x^2)L_ν (x, ∂_x)^{j+ρ1}

(4.45)

+ l_1−1�

i=0 � α_i(x^2) + β_i(x^2)D_x � L_ν (x, ∂_x)^i for some polynomials α_i(t) and β_i(t) depending only on the polynomials b_k(t) for k ∈ [i − ρ_1 + 1, l_1 − ρ_1]. Similarly the right hand side of (4.41) is given by

x^{2m}v(x^2)^2N(x, ∂_x)x^{2m}v(x^2)^2 = 2x^{2m}v(x^2)^4

l_1�

i=0 c_i(x^2)L_ν (x, ∂_x)^i

(4.46)

+ v(x^2)^2

l_1 −1�

i=0 � γ_i(x^2) + δ_i(x^2)D_x � L_ν (x, ∂_x)^i

for some polynomials γ_i(t) and δ_i(t) depending only on the polynomials c_k(t) for k ∈ [i + 1, l_1].

Finally we substitute (4.45) and (4.46) in (4.41) and compare the two sides, based on the fact that

{x^{2k}L_ν (x, ∂_x)^n, x^{2k} D_xL_ν (x, ∂_x)^n}^∞_{k,n=0}

are linearly independent.

1. First from the coefficient of L_ν (x, ∂_x)^{l1} we have

b_{l1−ρ1} (x^2) = x^{2m}v(x^2)^2c_{l1} (x^2), that is b_{l1−ρ1} (t) = t^mv(t)^2c_{l1} (t).

Because deg t^mv(t)^2 = ρ_1, see (4.38) and deg b_{l1−ρ1} ≤ l_2, the polynomial b_{l1−ρ1} (t) depends (linearly) on at most l_2 − ρ_2 + 1 parameters. Fixing those parameters determines the polynomial c_{l1} (t) as well.

2. By induction, assume that b_j (t), . . . , b_{l1−ρ1} (t) and c_{j+l1} (t), . . . , c_{l1} (t) and are fixed for j running from l_1 − ρ_1 down to 1. From the coefficient of L_ν (x, ∂_x)^{j−1} we obtain

b_{j−1}(x^2) = x^{2m}v(x^2)^2c_{j+ρ1 −1}(x^2) + � α_{j+ρ1 −1}(x^2) − η_{j+ρ1 −1}(x^2) � /2x^{2m}v(x^2)^2.

Therefore the remainder of b_{j−1}(t) modulo t^mv(t)^2 is fixed from the previous steps of the induction. Because deg b_{j−1}(t) ≤ l_2 and deg t^mv(t)^2 = ρ_2 the choice of b_{j−1}(t) depends (linearly) on at most l_2 − ρ_2 + 1 parameters. Fixing b_{j−1}(t) completely determines c_{j+l1 −1}(t).

Adding up these “maximal degrees of freedom” for the polynomials b_0(t), . . . , b_{l1−ρ1} (t) completes the proof. □

Theorem 4.10. For any selfadjoint (and even, selfadjoint in the case ν ∈ Z) Darboux transformation from a Bessel function Ψ_ν (x, z), Ψ(x, z) ∈ SD_ν the space S_{Ψ,1} + S_{Ψ,2} consists of differential operators invariant under the transformation x → −x dim(S_{Ψ,1} + S_{Ψ,2}) ≥ (l_1 + 1)(l_2 + 1) − ρ_1ρ_2.

In particular the dimension of the subspace of B^{l1,l2}_{Ψ,sym} of differential operators invariant under x → −x is greater than or equal to (l_1 + 1)(l_2 + 1) − ρ_1ρ_2.

Theorem 4.10 and Theorem 2.5 imply our final result for Darboux transformations from the Bessel functions:

Theorem 4.11. Let Ψ(x, z) ∈ SD_ν be a selfadjoint (and in addition even if ν ∈ Z) Darboux transformation from the Bessel function Ψ_ν (x, z), given by (4.17), (4.18), (4.16), (4.31). Let Γ_1, Γ_2 be two connected finite contours that do not contain the roots of the polynomials v(t) and g(t), respectively and such that e(Γ_i) = −e(Γ_i).

Then the integral operator with kernel

K(x, y) = � Γ_2

Ψ(x, z)Ψ(y, z)dz

on L^2(Γ_1) commutes with a formally symmetric differential operator with rational coefficients of order less than or equal to 2ρ_1ρ_2 and domain all smooth functions on Γ_1.

Remark 4.12. Let Φ_1(x, z) and Φ_2(x, z) be two functions satisfying (3.2)–(3.4) or (4.5)–(4.6). E.g. in the rank 1 case (section 4, ν = 0) one can choose

Φ_1(x, z) = e^{xz}, Φ_2(x, z) = e^{−xz} and in the rank 2, Bessel case (section 4)

Φ_1(x, z) = Ψ_ν (x, z), Φ_2(x, z) = Ψ_ν (x, −z).

Fix a differential operator P (x, ∂_x) and a polynomial g(z) that define an (even) selfadjoint Darboux transformation from the Airy or Bessel functions as in Definition 3.3 and Definition 4.4. Define

Ψ_i(x, z) = 1 g(z)

P (x, ∂_x), and Ψ_i(x, z) = 1 z^mg(z^2)

P (x, ∂_x), i = 1, 2

in the Airy and Bessel cases, respectively. Then Theorem 3.10 and Theorem 4.11 hold for the integral operator with kernel

K(x, y) = � Γ_2

Ψ_1(x, z)Ψ_2(y, z)dz

and exactly the same commuting differential operator that appears in those Theorems.

5. Classification of selfadjoint Darboux transformations of Bessel and Airy functions

5.1. Properties of the bilinear concomitant.

5.2. Rank 1 case.

5.3. Airy case.

5.4. Bessel rank 2 case.

References

[1] M. Adler and P. van Moerbeke: The spectrum of coupled random matrices, Ann. Math.

149 (1999), 931–976.

[2] M. Adler, T. Shiota, and P. van Moerbeke: Random matrices, Virasoro algebra, and noncommutative KP, Duke Math. J. 94 (1998), 379–431.

[3] B. Bakalov, E Horozov, and M. Yakimov: General methods for constructing bispectral operators. Phys. Lett A. 222 (1996), no 1–2, 59–66.

[4] B. Bakalov, E Horozov, and M. Yakimov, Bispectral algebras of commuting ordinary differential operators. Comm. Math. Phys. 190 (1997), no. 2, 331–373.

[5] B. Bakalov, E Horozov, and M. Yakimov: Highest weight modules over the W_{1+∞} algebra and the bispectral problem, Duke Math. J. 93 (1998), 41-72.

[6] Bateman ...

[7] A. Borodin and P. Deift, Fredholm determinants, Jimbo–Miwa–Ueno τ -functions, and representation theory. Comm. Pure Appl. Math. 55 (2002), no. 9, 1160–1230.

[8] J. J. Duistermaat and F. A. Grünbaum: Differential equations in the spectral parameter.

Comm. Math. Phys. 103 (1986), no. 2, 177–240.

[9] E. Frenkel, V. Kac, A. Radul, W. Wang: W_{1+∞} and W (gl_N ) algebra with central charge N, Comm. Math. Phys. 170 (1995), 337–357.

[10] F. A. Grünbaum, Time-band limiting and the bispectral problem. Comm. Pure Appl.

Math. 47 (1994), no. 3, 307–328.

[11] F. A. Grünbaum, Band–time–band limiting integral operators and commuting differential operators. St. Petersburg Math. J. 8 (1997), no. 1, 93–96.

[12] F. A. Grünbaum and M. Yakimov, The prolate spheroidal phenomenon and bispectrality, To appear in: Workshop on Superintegrability, Eds.: P. Tempesta and P. Winternitz, CRM Proc. Lect. Notes, 2003.

[13] J. Harnad and A. R. Its, Integrable Fredholm operators and dual isomonodromic deformations, Comm. Math. Phys. 226 (2002), no. 3, 497–530.

[14] J. Harnad, C. A. Tracy, and H. Widom, Hamiltonian structure of equations appearing in random matrices, In: Geometric and quantum aspects of integrable systems. Lect. Notes Phys. 424, Springer Verlag, 1993.

[15] E. L. Ince, Ordinary differential equations, Longmans Green, London, 1926. [16] A. R. Its, A. G. Izergin, V. E. Korepin, and N. A. Slavnov, Differential equations for quantum correlation functions, Int. J. Mod. Phys. B4 (1990), 1003–1037.

[17] A. Kasman and M. Rothstein, Bispectral Darboux transformations: the generalized Airy case. Phys. D 102 (1997), no. 3–4, 159–176.

[18] H. J. Landau and H. Pollak, Prolate spheroidal wave function, Fourier analysis and uncertainty, II, Bell Syst. Tech. J. 40, (1961), 65–84.

[19] H. J. Landau and H. Pollak, Prolate spheroidal wave function, Fourier analysis and uncertainty, III, Bell Syst. Tech. J. 41, (1962), 1295–1336.

[20] J. C. McConnell and J. C. Robson, Noncommutative Noetherian rings, Wiley 1987. [21] J. Palmer, Deformation analysis of matrix models, Physica D 78 (1995), 166–185. [22] D. Slepian, Prolate spheroidal wave function, Fourier analysis and uncertainty, IV, Bell Syst. Tech. J. 43, (1964), 3009–3058.

[23] D. Slepian and H. Pollak, Prolate spheroidal wave function, Fourier analysis and uncertainty, I, Bell Syst. Tech. J. 40, (1961), 43–63.

[24] C. A. Tracy and H. Widom, Introduction to random matrices, LNP... [25] C. A. Tracy and H. Widom, Level spacing distributions and the Airy kernel, Comm.

Math. Phys. 159 (1994), no 1., 151–174.

[26] C. A. Tracy and H. Widom, Level spacing distributions and the Airy kernel, Comm.

Math. Phys. 161 (1994), no. 2, 289–309.

[27] C. A. Tracy and H. Widom, Fredholm determinants, differential equations and matrix models, Comm. Math. Phys. 163 (1994), no. 1, 33–72.

[28] G. Wilson, On the antiplectic pair connected with the Adler–Gelfand–Dikii bracket, Nonlinearity 5 (1992), no. 1, 109–131.

[29] G. Wilson, Bispectral algebras of commuting ordinary differential operators, J. Reine Angew. Math. 442 (1993), 177-204.

Department of Mathematics, UC Berkeley, Berkeley, CA 94720, U.S.A. E-mail address: grunbaum@math.berkeley.edu

Department of Mathematics, UC Santa Barbara, Santa Barbara, CA 93106, U.S.A. E-mail address: yakimov@math.ucsb.edu