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1 Introduction

In this paper we present several curvature estimates and convergence results for so-
lutions of the Ricci flow

0
(’Ti = —2Ric (1.1)
and its normalized versions, such as the volume normalized Ricci flow
dg 2
— = —2Ric+ -S§ 1.2
5 1+ o g (1.2)

with § denoting the total scalar curvature and n denoting the dimension of the
manifold, and the A-normalized Ricci flow

gg = —2Ric+ \g (1.3)
with a constant . (Since Einstein metrics are stationary solutions of the volume
normalized Ricci flow, they are included as a special case.) The said curvature es-
timates are space-time analogues of the curvaure estimates in [Ye3], and depend on
the smallness of certain local space-time L% integrals of the norm of the Riemann
curvature tensor. On the other hand, the said convergence results require finiteness
of space-time L% integrals of the norm of the Riemann curvature tensor. Note that
these curvature estimates and convergence results also serve as characterizations of
blow-up singularities (see e.g. Remark 2 below).

To formulate our results, we need some terminologies. Consider a connected
Riemannian manifold (M, g) (g denotes the metric) possibly with boundary, and
x € M. If x is in the interior of M, we define the distance d(x, M) to be sup{r >
0: B(z,r) is compact and contained in the interior of M}, where B(z, ) denotes the
closed geodesic ball of center x and radius r. If M has a boundary and x € oM,
then d(xz,0M) is the ordinary distance from x to M and equals zero. (For example,
d(z,0M) = oo if M is closed.)



Let g = g(t) be a family of metrics on M. Then d(z,y,t) denotes the distance
between z,y € M with respect to the metric g(t), and B(z,r,t) denotes the closed
geodesic ball of center « € M and radius r with respect to the metric g(t).

We set a, = —+—. €g = = and ¢ = ——<2— (These constants are not meant
n T 40(n-1)7 "0 T 168 L™ 8y /1+20me2 (

to be optimal. They can be improved by closely examining the proofs.)

We divide our results into several types. In each type, the first theorem is a local
curvature estimate, the second theorem a global convergence result, and the third
theorem a local convergence result.

Type A

Results of this type involve straight (i.e. non-weighted) space-time LnTﬁ-integals
of the norm of the Riemann curvature tensor. Theorem A-2 (the convergence result)
does not involve any additional quantity or condition. Theorem A-1 and Theorem
A-2 involve the condition of x-noncollapsedness. Note that By [Theorem 4.1, P], a
smooth solution of the Ricci flow on M x [0,T") for a closed manifold M and a finite
T is k-noncollapsed on the scale /T, where x depends on the initial metric and 7.

Theorem A-1 For each positive number k and each natural number n > 3 there are
positive constants 09 = do(n, k) and Cy = Cy(n, k) depending only on n and k with the
following property. Let g = g(t) be a smooth solution of the Ricci flow or the volume
normalized Ricci flow on M x [0, T) for a connected manifold M of dimension n > 3
and some (finite or infinite) T > 0, which is k-noncollapsed on the scale of p for some
k>0 and p > 0. Consider xo € M and 0 < ry < p,which satisfy ro < diamgq) (M)
and ro < dg)(xo, OM) for each t € [0,T). Assume that

T n
/ / | R[5 (-, )dvolyaydt < 6. (1.4)
0 B(xo,’/’o,t)
Then we have
|Rm(z,t) < ant™" + (eor) > (1.5)

whenever t € (0,T) and d(zg, x,t) < €ro, and
T n+2 2
[Rl(a,t) < Comax{r Y[ [ (R dvolyd) T (16)
0 B(xg,ro,t

whenever 0 < t < T and d(zg,z,t) < e, min{ry, Vt}. (Obviously, the estimates (1.5)
and (1.6) hold on [0, T] provided that T is finite and the assumptions hold on [0,T].
This remark also applies to the results below.)
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The same result holds for a solution g of the A-normalized Ricci flow, with 6g also
depending on |\|.

Theorem A-2 Let g = g(t) be a smooth solution of the Ricci flow, the volume nor-
malized Ricci flow or the A\-normalized Ricci flow on M x [0,T) for an n-dimensional
manifold M and some finite T > 0, such that g(t) is complete for each t € [0,T).
Assume

T n+2
/ / |Rm| 2" dvolywdt < oo. (1.7)
o Jm

Then g(t) converges smoothly to a smooth metric on M ast — T. Consequently, g(t)
extends to a smooth solution of the Ricci flow, the volume normalized Ricci flow or
the A-normalized Ricci flow over [0, T'] for some T" > T. Here and below, smooth
convergence means smooth convergence on each compact subset. .

Remark 1 This result is optimal in the sense that if we replace "T“ by a smaller
exponent, then the conclusion fails to hold. This is demonstrated by the example of
the evolving sphere. This remark also applies to the results below.

Theorem A-3 Let g = g(t) be a smooth solution of the Ricci flow, the volume
normalized Ricci flow or the A-normalized Ricci flow on M x [0,T) for a connected
manifold M of dimension n > 3 and some (finite or infinite) T > 0,which is k-
noncollapsed on the scale of p for some Kk > 0 and p > 0. Consider xo € M and
0 < ro < p, which satisfy ro < diamguy (M) and ro < dgq)(z0, 0M) for each t € [0,T).
Assume that

T n
/0 /B(xo ro.t) |Rm|%2(~, t)dvolg(t)dt < 00. (1.8)

If T is finite, then g(t) converges smoothly to a smooth metric g(T') on the direct
limit lim, . B(zo, €9, t). Moreover, B(xg, egro,T) = lim, . B(xo, €or0,t). If T = oo,
we have similar smooth subconvergence of g(t) as t — oo.

Remark 2 Theorem A-1 and Theorem A-2 can be rephrased as follows: A (global or
local) solution of the Ricci flow (the volume normalized Ricci low, or the A-normalized
Ricci flow) blows up at 7', if and only if the space-time integral of |Rm[nT+2 up to T is
infinite. This can be used to analyse blow-ups of the Ricci flow. For example, careful
rescalings produce blow-up limits with the special feature of infinite space-time inte-
gral of |Rm|nT+2 This will be discussed in more details elsewhere. This remark also
applies to the results below.



Type B

Results of this type do not use the condition of k-noncollapsedness. Instead, they
n+2
involve space-time L'z integrals of the norm of Rm over balls of varying center and
radius measured against a volume ratio.

Theorem B-1 For each natural number n > 3 there is a positive constant 6y = do(n)
depending only on n with the following property. Let g = g(t) be a smooth solution
of the Ricci flow or the volume normalized Ricci flow on M x [0,T) for a connected
manifold M of dimension n > 3 and some (finite or infinite) T' > 0. Consider xo € M
and ro > 0,which satisfy ro < diamgqy(M) and ro < dg (2o, OM) for each t € [0,T).
I. Assume that

’ Tn n+2
Rm|"™> (-, t)dvolydt < 6 1.9
/0 vl (B(z,7,1))* / [Bom [ "= (-, t)dvolyqdt < do, (1.9)

B*(xz,r,t)

for all 0 < r < % and x € M, where B*(x,7,t) = B(x,7,t), volyq)(B(x,7,t))" =
volyy(B(w,r,t)) if v € B(xo, 2,t), and B*(x,r,t) = {z}, volyy (B(z,r,t))* =" if
v & B(wo, 2,t). (Thus, if x & B(xo, 2,t), then the value of the integrand for the
time integral is zero at t.) Then we have

|Rm(z,t) < ant™" + (eor) 2 (1.10)
whenever t € (0,T) and d(zg, x,t) < €ro, and

[ IRm|"F (L t)dvolygy  \ T

4 T B(xo,2r1,t)
R (z,t) < Cory 77 | [ 22 : o
|Rm|(z,t) < Cory 0 voly) (B(wo, 211, 1)) ( )

whenever 0 < t < T and d(zg,z,t) < 1, where 11 = €; min{ry, V/t}.
The same results hold for the A-normalized Ricci flow, with &y also depending on

Al

Theorem B-2 Let g = g(t) be a smooth solution of the Ricci flow, the volume nor-
malized Ricci flow or the A-normalized Ricci flow on M x [0,T) for an n-dimensional
manifold M and some (finite or infinite) T > 0, such that g(t) is complete for each
t€0,T). Assume

T Tn n+2
Rm| 2 (-, t)dvol i < 1.12
/0 Sup (B(:E7 T7 t)) ‘/B(Iﬂ"yt) | m| ( ’ ) 0 g(t) OO ( )

z€M,0<r< 0 volg()

for some ro > 0. If T is finite, then g(t) converges smoothly to a smooth metric
on M ast — T. Consequently, g(t) extends to a smooth solution of the Ricci flow,
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the volume normalized Ricci flow or the \-normalized Ricci flow over [0,T'] for some
T' > T. If T is infinite, then g(t) subconverges smoothly ast — T.

Remark 3 Note that there is no assumption on the relation between ry and the
diameter. Hence no control over the diameter is assumed. This remark also applies
to Theorem C-3 below.

Theorem B-3 For each natural number n > 3 there is a positive constant 6y = do(n)
depending only on n with the following property. Let g = g(t) be a smooth solution
of the Ricci flow, the volume normalized Ricci flow or the \-normalized Ricci flow
on M x [0,T) for a connected manifold M of dimension n > 3 and some (finite or
infinite) T > 0. Consider xo € M and 1o > 0,which satisfy ro < diamgyqy (M) and
o < dgt)(xo, OM) for each t € [0,T). Assume

T 7’” n+2
sup / |Rm| 2 (-, t)dvol dt < oc0. (1.13)
/0 <O<r<r20,acEB(x0,T,t) UOlg(t)(B($7 r,t)) JB(er) 90

2

If T is finite, then g(t) converges smoothly to a smooth metric g(T') on the direct limit
lim, 7 B(xo, €ro,t). Moreover, B(xg,€eoro, T) = lim, ,pB(xg, €, t). If T = oo, then
we have similar smooth subconvergence of g(t) ast — T.

Type C

Results of this type do not use the condition of k-noncollapsedness, and involve
. . n+2
only a fixed center and a fixed radius for space-time L% integrals of the norm of the
Riemann curvature tensor. But a lower bound for the Riceci curvature is assumed.

Theorem C-1 For each natural number n > 3 there is a positive constant dy = dp(n)
depending only on n with the following property. Let g = g(t) be a smooth solution
of the Ricci flow or the volume normalized Ricci flow on M x [0,T) for a connected
manifold M of dimensionn > 3 and some (finite or infinite) T > 0. Consider xqg € M
and r > 0, which satisfy ro < diamgw (M) and ro < dg) (2o, OM) for each t € [0,T).
Assume that

Ric(z,t) > —”7; - (1.14)

0

whenever t € [0,T) and d(zo, x,t) < ro, and that

T Tg n+2
Rm| ™2 (-, t)dvol ndt < . 1.15
‘/0 UOlg(t) (B(:L‘()?T()at)) /B(Io,ro,t) | m| ( ’ ) vo g(t) =90 ( )




Then we have
|Rm|(2,t) < ant™ + (eorg) > (1.16)

whenever t € (0,T) and d(zg, x,t) < €ro, and

[ |Rm|" (- tydvolyyy |

__4 T B(Q:O 2rq t)
Rm|(z,t) < Cyry ™ / — dt T
|Rm|(z,t) < Cor, A voly(o (B(x0, 211, 1)) (1.17)

whenever 0 < t < T and d(zo,z,t) < 1, where 1y = €; min{ry, V/t}.
The same results hold for the A-normalized Ricci flow. with &y also depending on

Al

Theorem C-2 Let g = g(t) be a smooth solution of the Ricci flow, the volume nor-
malized Ricci flow, or the A-normalized Ricci flow on M x [0,T') for an n-dimensional
manifold M and some (finite or infinite) T > 0, such that g(t) is complete for each
t €0,T). Assume that (1.14) holds for all x € M and t € [0,T), and

r 1 n+2
su Rm|™2 (-, t)dvol,mdt < co 1.18
/0 meﬂlz UOlg(t) (B((I,’7 To, t)) /B(JS,To,t) | | ( ) 9(®) ( )

for somery > 0. If T < oo, then g(t) converges smoothly to a smooth metric on M as
t — T. Consequently, g(t) extends to a smooth solution of the Ricci flow, the volume
normalized Ricci flow or the A-normalized Ricci flow over [0,T'] for some T' > T. If
T = oo, then g(t) subconverges smoothly ast — T.

Theorem C-3 For each natural number n > 3 there is a positive constant dy = do(n)
depending only on n with the following property. Let g = g(t) be a smooth solution
of the Ricci flow,the volume normalized Ricci flow or the A-normalized Ricci flow
on M x [0,T) for a connected manifold M of dimension n > 3 and some (finite or
infinite) T > 0. Consider xo € M and 1o > 0, which satisfy ro < diamgy) (M) and
o < dgey (20, OM) for each t € [0,T). Assume that (1.14) holds whenever 0 <t <T
and d(zg, x,t) <19, and that

| o
0 volg(t)(B(xO, T0,t))

/ [R5 (-, t)dvolyudt < oo, (1.19)
B(a:o,’ro,t)

If T' < oo, then g(t) converges smoothly to a smooth metric g(T') on the direct limit
lim, . B(xo, €ro,t). Moreover, B(xo,€oro,T) = lim, ;B(xo,€o,t). If T = oo, we
have similar smooth subconvergence of g(t) ast — T.



Similar results hold for many other evolution equations. This will be presented
elsewhere.

The curvature estimates in this paper were obtained some time ago.

Analogous results involving other types of L? integrals of [Rm/| (including p < %
) will be presented in a sequel of this paper.

2 Proofs of Theorems of Type A

Proof of Theorem A-1
Proof of the estimate (1.5)

We handle the case of the Ricci flow. The other two cases are similar. (For the
volume normalized Ricci flow, we can rescale to achieve volume 1.) The proof is
similar to [Proof of Theorem A, Ye3]. To make the proof clear, we’ll repeat some
arguments in [Ye3|. By rescaling, we can assume ry = 1. Assume that the estimate
(1.5) does not hold. Then we can find for each ¢ > 0 a Ricci flow solution g = ¢(t) on
M x [0,T) for some M and T > 0 with the properties as postulated in the statement
of the theorem, such that |Rm|(z,t) > a,t™' + ¢ 2 for some (z,t) € M x (0,T)
satisfying d(xg, z,t) < e.

We denote by M, the set of pairs (z,t) such that |[Rm|(z,t) > a,t™'. For an
arbitary positive number A > 1 such that (24 + 1)e < %, we choose as in [Proof of
Theorem 10.1, P] and [Proof of Theorem A, Ye3] a point (Z,t) € M,, with 0 <t <
€2, d(zo,7,t) < (2A + 1)¢, such that |Rm|(Z,t) > a,t ' + ¢ 2 and

|Rm|(z,t) < 4|Rm)|(z, ) (2.1)
whenever
(z,t) € M,,,0 < t < T,d(zo,2,t) < d(z0,Z,7) + A|Rm|(z,1) 2. (2.2)

We set @ = |Rm|(Z,t). By [Proof of Theorem A, Ye3], the following two claims
hold.

Claim 1 If
_ 1 1 o 1 1
t— §&nQ <t<td(zxt) < TOAQ 2 (2.3)
then
1
(0, ,t) < d(z0,7,7) + §AQ—%. (2.4)



Claim 2 If (z,t) satisfies (2.3), then the estimate (2.1) holds.

Note that (2.4) implies

< (;4 +1)e (2.5)

NG

1
d(xg,x,t) < (2A+ 1)e + EAQ’

for (x,t) satisfying (2.3).
Now we take ¢ = 55 and A = 10. Then ;54 < 1 and (5A + 1)e = 1. So (2.5)
implies
B(z,Q7%,1) C B(xo, 1,1) (2.6)
for t € [t — L@, 7], and hence the condition (1.4) leads to
t_ n
/ Lo IRmE < (2.7)

_%anQ71 (ijijvf)

Moreover, Claim 2 implies that the estimate (2.1) holds on B(z,Q"2,1) x [t —
2a,Q 7', t]. We shift  to the time origin and rescale g by the factor @ to obtain
a Ricci flow solution § = Qg on M x [—3ay,0]. Then we have

|[Rm|(z,0) = 1, (2.8)
and
|Rm|(x,t) <4 (2.9)

whenever

Moreover there holds

0 n
Rml2 < §. 2.10
/_;an /3(5,1,0) | m| =0 ( )

By the x-noncollapsedness assumption, we have

|
voly) (B(z, 7.)) = 4%. (2.11)

It follows that there is a positive constant C;(k,n) depending only on x and n such
that
1

Cs30)(B(&, 15:1)) < Calw, ). (2.12)



By the curvature bound (2.9) and the argument in [Ye3] for evolution of the Sobolev
constant, we then infer

1
' 16
for t € [-1 500, 0], Where Cs(k,n) is a positive constant depending only on /{ and n.
(One can also replace 1z by a smaller radius r1 such that B(z,r,0) C B(Z, 15, 1).)
On the other hand, the curvature bound (2.9) and the Ricci flow equation imply
that B(z, 16,0) C B(a:, 1,t) for t € [—ay, 0], where a,, < %an is a positive constant
depending only on n. It follows that

/ / 1 |Rm|nT+2§50. (2.14)

As in [Ye3], we now appeal to the evolution equation of Rm associated with the
Ricci flow

Cs2,50) (BT, —,0)) < Ca(k,n) (2.13)

aaRZ” — ARm + B(Rm, Rm), (2.15)

where B is a certain quadratic form. It implies
0
§|Rm| < A|Rm| + c(n)|Rm|? (2.16)

for a positive constant ¢(n) depending only on n. On account of (2.9), (2.13) and
(2.14) we can apply [Theorem 2.1, Ye3] to (2.16) with py = “£2 to deduce

2 2n n
Bml(z.0) < (14 2)FCym.m)FCo(m) ([ / R 82 72

B(w0,75.0
2 204 2n
< (1+5)i*+202<,£,n)m03( )55, (2.17)
where
n(n + 2)?

1 _
- — +64(n+ 2)264(”_1)0’"

Cs(n) = 2¢(n)(n +2) + 2n(n — 1) + —— a,

We deduce |Rm|(z,0) < 3, provided that we define

1
2
7L+2 2 o —n _n+2

do = 272 (1+ ) "Ca(k,n)"Cs(n)
But this contradicts (2.8). Hence the estimate (1.5) has been proven.
Proof of the estimate (1.6)

This is similar to the corresponding part in [Proof of Theorem A, Ye3].



Lemma 2.1 Set V(t) = volyyy (M) and I(t) = [3 [y |Rm|2T. Then
V(t) <V,

where

2

Vo = V(0) + (em)I(T)7 |V(O) + (1 + (c(m)I (1)) 7)

2t riz
n -+ 2 ’

with c¢(n) denoting a positive constant depending only on n.

Proof. Let V' = V(t) denote the volume of g(¢). Then we have

dV
—=— [ R.
dt /M

Hence

Vi -vo) = ~ [ [ R<([ [ IREE([ V(s

< (M) ([ V(s)ds)

with a positive constant ¢(n) depending only on n. We set ¢(t) = [3 V (s)d

2 n

¢'(t) < V(0) + (c(n)[(T)) 72 (1) 7.

We infer for v = ¢ + V(0)

and hence

It follows that
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(2.18)

(2.19)

(2.20)

. Then

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



Proof of Theorem A-2

We handle the case of the Ricci flow. The other two cases are similar. By [Theorem
4.1, P], g is k-noncollapsed on the scale VT for some k depending on n,T and 9(0).
Since the integral [j [y, |Rm|"" is finite, we have

T n+2
/T /M |Rm|*F < & (2.26)

for some 0 < Ty < T. By Theorem A-1, we have

2
|Rm|(.’];, t) S anT o T() + EEQdiamg(t)(M)_27 (227)
for % <t < T satistying diamgy) = Toig%'fgt diamgn (M).

Claim 1 lign iTnf diamgy (M) > 0.
Proof of Claim 1

Obviously, we only need to handle the case that M is closed. We rescale g to
normalize volume. Thus we set

)\(t) = @% fot fM R,
7(t) = J¢ M(s)ds and
g(r) = A(t(7))g(t(7)),

where ¢(7) is the inverse of 7(¢). Then g(0) = ¢(0) and g(7) satisfies the volume
normalized Ricci flow. Note that the time interval [0,7") is converted into the interval
[0, A) under the function 7(t), where A = [ A(t)dt.

We have
[ [ o e

on account of Lemma 2.1. Hence A(t) is bounded away from zero and bounded from
above on [0,7). Let Ag = 7(Tp). We have

A nt2 A nt2 _
[, 1Bl gdvolydr = [ [ ([Rm ) m)A 0() ol (1(7)
T nt2
- / |Rm| ™3|, dvol,dt < 5. (2.29)
To

By the boundedness of A, Claim 1 is equivalent to the following claim.
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Claim 2 lim inf diamg.y(M) > 0.
T—A
Proof of Claim 2

Assume the contrary. Then we can find a sequence 7, — A, 7, > Ag, such that
di = diamg(-,y — 0 and d, = inf  diamg(M). For each fixed k, we rescale g by

Ao<t<Ty
the factor d;.? to obtain a solution g = dj 2§ of the volume normalized Ricci flow on
M x [di;* A, d;; 2A] such that

di°A i
/_2 / |Rm|"F* < & (2.30)
d;2Ao IM

holds for it. Because of (2.30) and the fact diamg, (M) > 1 on [d; *Ay, d;; *71], we can
apply the volume normalized part of Theorem A-1 to obtain a uniform estimate of
| Rm| for all gi.(d; 7). Alternatively, since diamg, (M) > 1 on [d;;? Ay, d;,*7x], the esti-
mate (2.27) leads to the same uniform estimate. By the volume comparison, g (d;, 7%
has uniformly bounded volume. But the volume of gy (dj ) equals d,;%volg(o)(M ),
which approaches oo as £ — oo. This is a contradiction.

By Claim 1 and (2.26), we can apply Theorem A-1 to obtain a uniform estimate

for |[Rm| over [23T T') if T is finite, and over [Ty +1,00) if T = oo. Then the desired

smooth convergences follow. [

Proof of Theorem A-3

We choose Ty < T such that

/TT [ 1Rml*E <, (2.31)

Then we obtain uniform estimate of |[Rm| over the time interval [4T T). The
desired smooth convergences follow. The identification of the limit domain follows
from an estimate of distance change based on the Ricci flow equation and the obtained
curvature estimates. [

3 Proofs of Theorems of Type B

Proof of Theorem B-1
The estimate (1.11) can be proved similarly to the corresponding part in [Proof

of Theorem B, Ye3|. We handle the estimate (1.10) in more details. We focus on the
Ricci flow as before. Assume that the estimate (1.10) fails to hold. Then we carry
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out the same construction as in the proof of Theorem A-

1. We choose € = é and
A =10. Then

1
d(zo,z,1) < (2A+1)e < =

3.1
for g. By Claim 1 in the pI‘OOf of Theorem A-1 we have

1 1 1
(o, 5,1) < d(w,,8) +5QF < 1 +5e <

3.2
: (3.2
fort e[t — fanQ ,t]. We also have %Q’% < % Consquently, (1.9) implies
t _% n+42
[ 1 @ S / L |Rm|T <37 (3.3)
=300 Q" wolgy (B(T, 3Q72,1)) /B30 2 1)

Hence we have for g

0 1 / n+2
— Rm| = < 3%.
/;an voly(B(Z, 3,1)) JB@z,1 1) [Em| ‘

(3.4)
3
As before, we also have for g
|Rm|(z,0) =1 (3.5)
and
|Rm|(x,t) <4 (3.6)
whenever
—;an <t<0,d(z,z,0) <1 (3.7)
By [Theorem 4.1, An] and (3.6) we have
1 5
Coa (B g 0) S o S0y 39

for t € [—3 30m,, 0], with a positive constant Cs(n) depending only on n. On the other
hand, (3. 6) implies

1 1
B(fa Zatl) C B(fv tZ) C B(fv iatS)

(3.9)

for all ¢1,ts,t3 € [—ay,, 0], with a positive constant &, < %an depending only on n
Consequently, we have

|Rm| < 3”50

/ g
—an volgu)(B(Z, %, t)) /B(z,10)

(3.10)
13



and

1 05 (TL)

Cso50(B(T,,0)) < — : (3.11)
’ 4 volgwy (B(z, 1, 1))+

for all ¢ € [—a,,0]. Moreover, (3.9) combined with (3.6) leads via the Ricci flow
equation to

1 . 1
—, 1)) > e D max woly (B(i,g,t)) (3.12)

min_ voly (B(Z, > max
T&n >

—an<t<0 2’

for each t € [—a,,0]. Now we apply [Theorem 2.1,Ye3] to deduce

|Rm|(z,0) < - )n+205( )n+206(n2 (/_O / |112m|"7+2)“%2

7 L n+t2 Qn
" min ol Bz 1O e
20n
1+ TL+QC n+2C 1
< ( ) () 6(n2 max volg(t)(B(j,—,t))n%z
~min_voly (B(Z, 1,t))) e —anst<o
0 1 n+2 2
(f s [ Rl )
—an Vol (B(Z, 5,1
g(t)( ( 3 ))B(i%,o)
_2n_ 2 20 2n_ 5 2n(n—1) o
< 31 D) IO )y e (513
n

with a suitable positive constant Cg(n) depending only on n. Choosing

1 2 n+2
b= (L4 )7 Ci(n) ™" Cn) =5 b

we then obtain |[Rm|(z,0) < 3, contradicting (3.5).

1
2

Proof of Theorem B-2

We handle the case of the Ricci flow. The other two cases are similar. We choose
Ty < T such that

T Tn n+2
[ sw / R vl <80 (314)
B(x,rt

To zeM,0<r< TO UOl (B(JZ, Ty t))

As in the proof of Theorem A-2; we rescale g to obtain a solution g = g(7) of the
volume normalized Ricci flow on [0, A) in the case that M is closed. We have for g

A n n
/ sup ! /B( |Rm| 2 "< 5, (3.15)

Ao xEM,O<7‘§fOT(t) UOlg(t)(B(xv r, 7—))
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where 7o(7) = /A(t(7))7o.
By the proof of Claim 2 in the proof of Theorem A-2, we have

PLI/I& diamgr (M) > 0. (3.16)
Claim tILH% diamgey (M) > 0.
Proof of Claim
Assume the contrary, i.e.
}1_)11111 diamgy (M) = 0. (3.17)

Then M is closed and we employ g. Since diamgyry = / A(L(T))diamgey) (M),
(3.17) and (3.16) imply that

lim ij{lf To(T) > 0. (3.18)
Case 1 A = .
Then we have for g
o rn n+2
lim sup / Rm| =2 =0. 3.19
T—00 Jr $€M,0<TSFOT(T) UOlg(T) (B(I', T, T)) B(x,r,7) | | ( )

On accout of (3.18), (3.16) and (3.19), we can apply (1.11) in Theorem B-1 to
deduce that

lim sup sup |Rm|(x,7) = 0. (3.20)

T—00 xzeM

It follows that g(7) subconverges smoothly to flat metrics go, of volume voly) (M)
on M as 7 — oo. For each ¢ > 0 we rescale g by the factor A(f) to obtain
gi(t) = AX#®)g(A\(#)7't) on [A(E)t, \(t)T). Note that g; is a solution of the Ricci flow
with gr(A(¢)t) = g(7(t)). As t — T, we have 7(f) — oo, and hence gz(\(¢)t) sub-
converges smoothly to flat metrics of volume volyg) (M) on M. By Cheeger-Gromov
compactness theorem and regularity of Einstein metrics, the space of flat metrics on
M of volume volg) (M) modulo the diffeomorphism group of M is compact with
respect to the smooth topology. Hence we can apply the stability theorem in [GIK]
to conclude that g¢i(t) extends to a smooth solution of the Ricci flow for all time
t € [A(t)t,00) and converges smoothly to a flat metric as ¢ — oo, provided that ¢ is
close enough to 7'. But this contradicts (3.17).
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Case 2 A < 0.

By (3.15), (3.16) and (3.18), we can apply Theorem B-1 to obtain a uniform esti-
mate of |[Rm/| for g over [0, A). In particular, the scalar curvature is unformly bounded.
It follows that the scaling factor A satisfies a < A < b for two positive constants a
and b. But this leads to a contradiction on account of (3.17) and (3.16). Hence the
claim is proved.

Given the claim and (3.14), it is clear that we can apply Theorem B-1 to obtain a
uniform upper bound for | Rm| over [0,7"). The desired smooth convergence follows. l

Proof of Theorem B-3

This is similar to the proof of Theorem A-3. |

4 Proofs of Theorems of Type C

Proof of Theorem C-1

We establish the condition (1.9). Then the theorem follows from Theorem B-1.
By rescaling we can assume ro = 1. Then (1.14) becomes

Ric > —(n —1)g. (4.1)

By (1.15), we have now

! 1 n+2
Fim| 2 dvoly() < o. 4.2
/0 volgw)(B(zo, 1,1)) /B(xo,l,t) [Rm| 2" dvoly) < do (4.2)

By Bishop-Gromov relative volume comparison, we have

v_1(R)

v_q(r)

volyy(B(z,r,t))
/rnn

volywy(B(z, R, t)) < volgwy(B(z,r,t)) < C(n) , (4.3)

with a positive constant C'(n) depending only on n, provided that ¢ € [0, 7], d(xg, z,t) <
I, and 0 < r < R <1 —d(zg,z,t). Here v_1(r) denotes the volume of a geodesic
ball of radius r in H", the n-dimensional hyperbolic space (of sectional curvature
—1). If t € [0,T],d(zo,z,t) < 1, we then have B(x, §,t) C B(z,3,t) C B(xo, 1,t).
Consequently,

1 1
voly (B(z,7,)) = C(”Vl’f"volg(t)(B(%5»?5))2C(n)‘lrnvolgu)(B(:vo,gﬂf))

47"C(n) " ?r"volyu (B(wo, 1,1)) (4.4)

v
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for0<r< % Hence we infer

Tn

Rm|Z dvol, s <
UOlQ(t)(‘B(xJ r, t)) /B(x,r,t) ’ m’ 2avo g(t)

4m 2 n
Cn) / |Rm| 2 dvolyy, (4.5)
volywy(B(z,1,t)) JB(zo,1,0)

whenever 0 <t < T,0 <r < 3, and d(zg, 2,t) < i. It follows that

T Tn n
Rml|zdvol <
/0 volywy(B(z,7,t))* /B*(fvmt)| | dvoly

T 1 .
(n) 0 Uolg(t) (B(:CO, 1, t)) B(wo,1.,0) ’ m’ 2dvo g(t) > (n) 0 ( )

for all z € M. Choosing &y to be the § in Theorem B-1 multiplied by 47"C(n)™2
and replacing 7o by 3> we then have all the conditions of Theorem B-1. The desired
estimate follows. By the proof of Theorem B-1, (1.10) actually holds with ¢y = 8%1.
Hence we obtain €y = —-

g Now.
[
Proofs of Theorem C-2 and Theorem C-3
These are similar to proofs of Theorem B-2 and Theorem B-3.
[
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